FITTING EMITTANCE AND OP/P. cciiiiiismssssssssssssssssss s ssasssssssssssssssassssssasssssssasssssssass 2

MOMENTUM DEVIATION CALCULATION USING RF FREQUENCY ....ccosnmnmnmmsmmssmmssssssssssssssssssssssssssssas 3
PHASE SLIP FACTOR 1] tevuereuueetseesseesssecsssessssesssssssessssesssessssessssesssssssssssasessssesssessssessssassssssssessssessasessssssssessssessssesssessssassasesssssssssssssesssssssssnsss 3

OP /P CALCULATION. .t ttuseueessessessesssssssssessssssssssssesssssssssesssssssssssssssessssssss sesssssssssesassssss sesssssssssssassasessssassasesssssssssssssssssussasesssssssssssssansssssnssans 3
DIFFERENTIAL RELATIONS BETWEEN B, R, AP/P, AND F ..cotttuueereerneesessssessssssssssssssssssessssssssssssssssssessssssssessssassasssssssssssssssssssssssssess 3
LATTICE FUNCTION CALCULATION CLOSED ORBIT BPM DATA.....ccounnmmmmmmsssssssssssssssssssssssssssssssssssas 4
PHASE ADVANCE CALCULATION ..ouutuuseeusseessseesseesssesssessssessssessssessssesssessssesssessssessssassssesssessssessasessssssssessssessssssssessssassssessssessssssssessssesssssess 4
BETA CALCULATION wouvtetueeuseeesseesseesssessssessssessssesssessssesssessssessssesssssssssssssessssesssessssessssassssesssessssessasessssssssessssessssesssessssassasesssssssssssssessssesssnnsss 4
RING CLOSURE CALCULATION ..coiiuisissssssssssssssssssssssssssssssssssssssssasssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssassssssssssssenss 5
TWISS PARAMETERS ..cuuutussessessesssssssssessssssssssssssssssssssesssssssasesssssssssssssssesssssssssessssassssesssssssssssassasessssassasessessssusssssssesussasessssassssessesnsasssnnsans 5
DISPERSION FUNCTIONS wevuuetuseesseesseesssessssessssesssessssesssessssessssessssessssssssessssssssessssessssassssssssessssessasessssssssessssessssesssessssassssessssessssssssesssssssssesss 6
CLOSED ORBIT ouuucuusetsseesseessseesssessssesssessssessssessssesssessssesssessssessssesssssssssssasessssesssessssessssassseesssessssessasessssssssessssessssesssessssessssessssessssssssessssessssesss 7
FORMULA FOR CALCULATING CLOSED BUMPS ...t ssssssssssssssssssssssssssss 8
3-BUMP FOR DESIRED DISPLACEMENT AX .ouvuuutuuseeuseessseesseesssessssesssessssassssessssessssssssessssesssessssessssassssessssssssessasesssssssssssssessssasssmssssasssnass 8
4-BUMP OF EQUAL DISPLACEMENT AT LOCATION 2 & 3coieureetreessessseeseessesssssssessssesssesssses st s sssssssssssssessssessssasssssssssssasessans 8
ANGIES fOT TNE 4-DUIMP couvvertreirisrrsssisstississsssisssisssissesssssssssasssassssssssssssassssssssssesssssssssassssssessssssssssssssssssssessssssssssssssssesssssassssnsssssssssessssses 9
Displacements within the 4-bump At ANY K IOCALION.....orrwrireesrosssnsrssisssssisssissssssssssssisssssssssssssssssssssssssssssssssssasssssssssssses 9
CALCULATION OF MULTI-MOMENTS, SIGMA, SKEWNESS AND KURTOSIS ......ccounimmmmsmmmssissssssssssssssssnes 10
DISCRETE N-TH MOMENT CALCULATION w.couutuuueeuseesseesssesssessssessssessssessssssssessssesssessssessssessssessssssssessssesssssssssssssessssassssssssessssassaessaessas 10
SIGMA oureeueeuseesseesuseessseessesessesessassssees e s bR R8RSR £8 42 E L8R R ER RS E AR LR AR R R AR AR R Rt 10
SIKEWNESS vtunevuseeeusessseessessssessssessssesssnssssessasessssesssessssessssasssessssetsssessssessssssssessssessssesssesessessssassssesssesssses asessasesssessssessssessssesssessssassssessanessas 10
KIURTOSIS tvtuseeuseeemsessseessesssseessseesssesssee s ssse s s s £k £2 R 8RR E SRR SRR E R R R AR et 10
ROTATION OF ELLIPSES AND FORMULA .....cocoiiismsmsnsssmsssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssasasssssases 11
ELLIPSE IN POLAR COORDINATE ...coutvustuuseessseesssessseesssessssesssessssessssessssessssssssessssessssssssessssassssasssessssesasesssssssssssssessssassssssssessssassasassanessas 11
ELLIPSE IN PARAMETRIC FORMULA, USING LATTICE PARAMETERS ...ccouueuuetseessesssesssessssesssessssessssssssssssssssssessssssssessssasssssssassssas 11
ROTATE ELLIPSE TO ZERO TILT 1uuveuuteuseeesseesssessssessseessseesssesssessssessssessssesssssssessssessssssssessssassssssssssssses ssesssssssssssssessssassssssssessssasssssssasssas 11
ROTATING AN ELLIPSE wouututueeeuseetsseesseesssessssessssessssesssessssessssssssessssessssessssssssesssssssssesssessssessssassssasssesssses ssessasesssessssessssassssssssessssassasassaessas 12
FITTING PROFILE SIGMA FOR EMITTANCE AND AP /P .iisisssssssssssssssssssssssssssssssssssssssssssssssssssses 15
FORMULA ...ottuetretssessisesssssesse s ssesses s st s s s s s s R R AR AR AR AR 15
FITTING FOR BOTH EMITTANCE AND AP /P u.cueuritssenessssssssessesssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssasssssssssasssssssssans 15
FITTING ONLY FOR EMITTANCE ..ucuutuusetuuseesssesssessseessseesssssssessssessssessssessssssssessssesssessssessssassssesssessssesasessssessssssssessssassssssssessssassasassansssas 16
BASIC COORDINATE ROTATION ...cciisesesusmsmsssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssasssssasasssssaes 17
ROTATE BY AN ANGLE © ...ovceuieueeuseessersseesseseeseesseesssessesssssssesssessse s essse s eessessssessesasssssesasesaessseessesssesssesssesssssssesssessssssesassssesssesssesssees 17
FITTING PERIODIC PATTERN WITH SINE FUNCTION .....cocosiimmsmsnsmsmsssssssssssssssssssssssssssssssssssssssssssssssssssssasssssases 18
PHASE AND AMPLITUDE FITTING wevutuustuuseesssessssessseessseessessssessssessssessssessssssssessssessssssssassssassssssssssssses asesssssssssssssessssassssssssessssassassssassssas 18
EIRROR OF FIT ouutuuseruseesseessessssessssessssesssessssessssessssssssessssesssessssessssessssessssssssessssessssesssesessessssassssesssessssesasessasesssessssessssessssssssessssassasessaessas 20
SCANNING FOR THE BEST FREQUENCY w.ouueuustesueeesseessseesssesssessssessssessssessssssssessssesssessssessssassssassssssssessasesssssssssssssessssassssssssessssassasssaessas 20
FINDING MINIMUM OF A 3R0 QORDER POLYNOMIAL FUNCTION ....ccocviismsnsnsmsssssssssssssssssssssssssssssssssssssssssssssaes 21
IMIOTIVATION w.ceeueeuusersseesseeesseessseesssessseesssessssessssessseessseesssessseesssessssessssessssesssessssessss s seees e EssaeE s e R R AR R ER R ARt E et e et bbb 21
FORMULATION ..vccuuueeuseesseeesseesssessssessseesssessssessssessssssssessssesssessssessssessssessssssssessssessssesssessssessssassssassseesssesasessssesssessssessssassssssssessssassasassaessas 21
CALCULATING EXACT QUADRATIC EQUATION FROM 3 POINTS. .....cocioimmrmsmsmsssssssssssssssssssssssssssssssssssssssssssases 22
AAPPLICATION .eovetuseuuueesseeesseesseesssessssessssesssessssesssseesseesssessssassseess et sssessasesssesessessssessseesssessssessssessssesssssasesssseessesessessssasssessssessusessasessssssssnees 22

FORMULATION .ccuteteesessessessessesesessessessessessesssssssessessessessesssssssessessessessessssssssssssssssesseassssssssasssssse st ssssssssssssesssesseastssssssessesssnsseasesssssssssesens 22



Fitting emittance and op/p.
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Momentum deviation calculation using RF frequency

Phase slip factor n

The transition gamma 7, is 5.401 for Booster and 21.6 for Main Injector.

dp/p calculation

Ao_ 1N

p nf

Differential relations between B, R, Ap/p, and f

Variables Equations
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Lattice function calculation closed orbit BPM data

Phase advance calculation

The 1-bump orbit displacement at i-th BPM caused by the dipole correctors can be written as:

NO BB, - k cos[2x(y, - a1,)]

1 25in(20) ,  with g, =y, +Q/2 and (1a)
PP R BRG] iy 4,202 ana (1

Q is the total tune of the machine. The indices 1 & 2 are used to denote the two dipole
corrector used to cause 1-bump orbit, i.e. y, and v, are the phase at the corrector location. The
indices i denote the i-th BPM location.

o _ 280 1) g o 2 280D ) g e get:

Define q; :
VB, K, VB, "k,

1 asinQra,) - al” sinQma,)

B sin[27(a, — ) |
1 acosna,) - a'” cos(Rmua,) (2b)

\B: —sin[27(a, - 1)) ]

From equation (2) we could calculate i, without knowing what the value of p, is.

cos(2my,) = (2a)

sin(2my,) =

beta calculation




Ring closure calculation

Twiss parameters

Treating a ring as transfer line and start with initial twiss parameter of 8, and «,, we get at one
turn around f,, a,, and phase advance ,,. The 1-turn transfer matrix is:

(%)z(coswu +ta Sinl/)u) (ﬁlﬁz)% S,
" 1 1 (1)
1\+/ ﬁaﬂaz ny,, - A I/J) ﬁa cosy, (%)2 (COS%Z X Sim’vlz)

This same matrix can be expressed in the actual ring twiss parameters 8, a, and total phase
advance v as:

cosy + (x siny P siny

M= _l+a siny  cosy —asiny @)

From equation (1) and (2) we get:
1

(%)z(cosw12 +a, siny,, ) = cosy + asiny (3a)
1
([3’1/32 )5 siny,, = Bsiny (3b)
+aa, a’
/—/3 5 iny,, - ,— -Cosy,, = /3 ———siny (3c)
12
B : . .
(/3—1) (cosy,, —a, siny,, ) = cosy — asiny (3d)
2
Using equ. (3a) and (3d) we get:
ﬁZ % . ﬁl 5 .
cosyp=0.5- (E) (cosy,, + o siny,, ) + (/3_) (cosy,, —a, siny,,)
1 1 1 1 (4a)
/3) (/a’) (ﬁ) (/3) .
=053l = +|=| |'cosy, +||==| o, —| =—| a,| siny,
(ﬁl p) | e e ) ) Y
and
siny = /1 -cos’y (4b)

With equation (3b) we have:



1
p = (BP:) sy, ©)
sy
with the sign of siny being such that g is positive.

By subtracting equ. (3d) from (3a) the value of a follows:

Ao g

2siny

Dispersion functions

In similar approach we treat the ring as beamline and track the dispersion function all the

way around with n,, n,, being the initial condition and 7,, 1, being the result at 1-turn. To
find the right initial condition such that the initial and final condition are the same we can
write down the equation as:

CoSY + asin sin

1, v 2 W psiny An) (m+An) (n
] 1+a” . . =1 =1
n, Slnl/J COSUJ - Slnl/) An n + An n

where 1 and 7 are the closed solution. Substituting An with n—n, and An with n -5, we
get:

- CoSY + o sin sin
M, + 11_/: o’ v psiny n=m\_(n
1, sing  cosy—asiny|\n -y | \n

This gives us two equations from with to solve for n and n":
b by |\n b,
where

a,=n, - [(cosw + o sim,v) ‘1, + Psiny- 7]1]

a, =1-cosy —asiny

a, =-fsiny
‘ —(1+a2) ' . ,
b, =1, - Tsmw- n, + (cosy — asiny) -,
2
b = I+a siny

b, =1-cosy + asiny



Closed orbit

The equation to solve for the closed orbit is exactly the same as that of the dispersion
function, except that n is replaced by x.

[xz] 00?1/J+2asimp psiny (x—xl) (x)
D+ +o =

sinyy  cosy —asiny | x — x, X

Xy

Among the coefficients above only a,and b, need to be recalculated. The initial condition for
the horizontal plane and vertical plane closed orbit can be solved the same way.



Formula for calculating closed bumps

3-Bump for desired displacement Ax

Ax

0= —F——
N BB, sinyy,

1

9 ——6 /31 2 Slnlpl3
/32 SlnIIJZS

0 0(/31)2 Sml/ﬁz
B;) siny,,

4-Bump of equal displacement at location 2 & 3

Use the equations above we can construct two adjacent 3-bumps. The first is:
sz

O = ——
\BB, Smwlz

a2 = (ﬁl ) Slnl/Jm
ﬁZ Slnw23

1

a /51 siny,,
3= -
/33 Sy,

By making Ax, = Ax, = a,+/B,5, siny,, and with final 4-bump angles as: 6, =a,, 6, =, +7,,
0, =a, +v,, and 6, = a,, the second 3-bump can be written as:

y, = Ax, B, Sm%z
2 1/
\ BB Slm/’zs B; siny,,

Vs=—7, ([32)2 siny,, __ ‘\/ﬁﬁz sinyy, ° Slm,U24
’ Bs) sinyy, g B, sinyp,,sinyy,

_ (&)2 siny,; 0 }/31/52 siny,
Ya=Y, 5 =0 ;
B,) sinyy, BsB, siny,,




Angles for the 4-bump

| =0 = T —
\NBS, siny,

sin
0,=a,+y,=-6 /%ﬁ+9
2 23

\/E sinyy, _ —Hlﬁ(sinwl3 _ sim,un)
l B; siny,;  siny,, \//3_2 \/_

O, =a;+y;= 911/% S.mzlz
3 Sin 23

\/ﬁ]ﬁz siny,,
0,=y,=0———
v ] \/ﬁ3/34 sy,

-0 VBB, siny,, - siny,, =0\/[3’7]sm1p12 - \/ESHHI}M
1 B siny,, - siny,, 1 B; siny,, B; siny,,

Displacements within the 4-bump at any K location

= 29,'1//31'/31( siny,, , for all i's with y, > 0.

i=1234



Calculation of multi-moments, sigma, skewness and kurtosis

Discrete n-th moment calculation

Using the cumulant, or raw moments
n
S, = E X Y
i

and the mean

_ 1 s,
X=Xy ="
So 5 So

1 n
The n-th moment u, = —E(x,. - )_c) -y, can be calculated.

So 7

Sigma
1 _\2 1 2 R R
=== (x=-X) y, == D xy, -% =2 %
So So So
skewness
w11 -\ Llsy o8 o3
=—=—[—D)(x,-X =—|—=-3x —+2X
s o o SOZ(' ) YT S, S,
Kurtosis
111 4 1
k=t e =S (x-3) = 5—4—4x‘s—3+6x2-i—3x4]
o 0|85 < o' |s, So S,

and the excess kurtosis
K, =K-3.
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Rotation of ellipses and formula

Ellipse in polar coordinate

The equation for an un-rotated ellipse, i.e. major axis on the x-axis, can be written down as

az_f2

r= paysowk with a being the half length of major axis and f being the distance from
a- f-cos
center of ellipse to the focal point. It is also conventionally written as r = ﬁ .
—e-cos

Figure 1: Characteristics of an elliptical contour.

Ellipse in parametric formula, using lattice parameters
xX= @ cos¢
€, . (1)
xX'=- E(smqﬂa-cosqﬁ)

Where f and « are lattice parameters, and ¢ the emittance.

Rotate ellipse to zero tilt

To un-tilt a rotated ellipse the angle of the major axis need to be determined. This can be
accomplished by utilizing the fact that

?A.A(a)=0/ (2)

-11 -



x
Where 7, = [ A }, using expression given in (1), is the vector from origin of ellipse to point
A
: . : - g | . L
A, where major axis intersects the ellipse. The other vector A(7,) = e | the derivative of
x
d¢
L dA
7, and is given as
dx .
— =—\/¢fsin
o Bsing,

‘:i_); - _\/%(cosq)A —asing,)

with ¢, being the phase at point A.
Applying expression (1) and (3) in the dot-product equation (2) leads to

20
tan(2¢A) = m/

The direction of the major axis can now be calculated as:

£, .
- |=(sing, + - cos¢,) ‘
0 =tan™ X =tan” \/; - tan"! —(Sln¢A+a-cos¢A)
Xa \JEB cosg, B-cosg,

7

and the half-length of major axis a as:

a= \/(\/gcosq)A)2 +(—\/%(sin¢A +a-cos¢A))

The new beta function S, of the un-tilted ellipse, call it a normal ellipse for now, can be
written as:

fo=" = poos’s, +%(sin¢A+a-cos¢A)2f
&

with ¢, =0 by default.

Rotating an ellipse

An ellipse is typically represented by:

-12 -



x=\/£cos¢

B L
x \/;(smqﬂacosrp)

Standard rotational transformation can be used to rotate the ellipse by an angle 6:

x(9)
Xg '(¢)

xcosf + x'sinf
—xsinf + x'cos@

JeB cospcosb - \/%(sin¢+acos¢) -sinf

—\J&p cos¢sin9—\/%(sin¢+acos¢)-cost9

The point on the ellipse with x, = x,,,, =/¢8, can be found by taking the derivative of x,(¢)
with respect to ¢,

dxﬁ(‘l)) _d (@cosq)cose+(-\/%)(sin¢+acos¢)'sinﬁ)

o do
. € ) £ . .
=—\/&f s1n¢cost9—\/:cos¢s1n0+a\/:s1n¢sm9
B B
d
The condition that [M] =0 leads to:
d
=Pxmax
d
[M = —\@ sing,, . cosf — \/zcos Oomax SINO + 0:\/E sing,, . sin6
d¢ =Pxmax p p
=sing,, . ° (—@ cos6 + oz\/E sin 6) —COSPy o (\/E sin@)
B B
=0
and
¢Xmax = tan_l Lne ‘
p—atan®

Using the characteristics shown in Figure 1 the new S, and «, for the rotated ellipse can be
calculated:

xﬁ (¢Xmax) = @COS¢XmaX COSH - \/%(Sinqmeax + aCOS¢Xmax). Sine
= &by

-13 -



xB '(¢Xmax) = _\/ECOS¢XmaX Sil’l@ - \/%(Sin¢)(max + aCOS¢XmaX)' COSH

By

Similarly setting the derivative of x,'(¢) to zero,

d[xe'((i))] _d (—@cosqﬁsin@—\/%(sin¢+acos¢)'cosl9)

d¢ $=x'max d¢ $=xmax
= \@sin Dy SINO — \/Ecos Dynax COSO + oz\/E singy, .. cosf
B B
=sing,. (\@ sin@ + oz\/E Ccos 0) - \/Ecos Dnax COSO
B B
=0
will then lead to
1
o =tan | ——— | .
P (/J’-tan9+a)

Plugging in ¢, . to get

X, '(¢X,max ) - _@ cos@y,. . sinf - \/%(sin Py +ACOSP ) -cosf

_ Jo = £.1+a§
’ By

and

Xy (Bmer ) = JEB COS Py COSO \/E(sin Dy + ACOS Py, )+ SINO

B
Yo I+ay
new lattice function f, and «, can be calculated accordingly:
_ x@ (¢X'max ) ’ x'H (¢X’max)
o, =
£

3 [x'e (¢X‘max )]2

Yo =
£

_l+o
Yo

By

-14 -



Fitting profile sigma for emittance and Ap/p

Formula

The observed beam profile sigma o, at the i-th profile monitor can be written down as
o2 =e-f g8
with B, and 7, being the corresponding beta and dispersion function. The emittance and

Ap/p, i.e. € and 8, can be found by minimizing the action sum:
S=E(af —e-B.-n} -52)2.
Taking the derivative of S with respective to ¢ we get:

=E_2/3i(01‘2_‘9'/3i_77i2'52)

= 2—2[)’10-[2 +E_2ﬁi(_g'ﬁi)+2_2ﬁi(_n"2 62) =0

l l 1

= Y pI+0% Y B = Y B (1)

Taking the derivative of S with respect to we get:

o= Slot-en s

i

=Y -2 (o7 e B -n; &)

1

= S-2207 + 32} (=& )+ -2~ 67) =0

1

= e YuiB+O Y = ynjo; (2)

Fitting for both emittance and Ap/p

From (1) and ( 2) a matrix equation can be constructed as:

al 1 a12 82 ‘/l ( 3)
a, A4y 0 v,
where

2 2
ap =Eﬁi 7 Gy =Eﬁirli ’
i i

-15 -



a = 2771'2/3)1' r Gy = 2771'4 ’
and
Vi=YBol, Vo= ynio;
The values for ¢ and § can now be found by solving the 2 x 2 equations ( 3).

Fitting only for emittance

In this case d is assumed known and ¢ can be calculated readily:

Vl_(sz'alz
=1L~ 12 or
a

V,-6%a
e=2 4y
a,

-16 -



Basic coordinate rotation

Rotate by an angle 0

\/

X

From the drawing above we can write down the transformation matrix as:

cosf sinf X
—sinf@ cosf y ’

and the inverse of it:
xl
yl

!

X

| Y

X
| Y

_ cosf -sinf
sinf@ cosf

-17 -



Fitting periodic pattern with sine function

Phase and amplitude fitting

For a given oscillation frequency Q the best matching ¢, amplitude A, and overall offset 6
can be determine through least square minimization.
The functional value of the oscillation can be written as:

f(tl.)=A-e7[-sin(Q-ti+(p)+6

=A-e_%-sin(Q-ti)-cosq0+A-e_%-cos(Q~ti)-sin¢+5,
=a-e_%-sin(Q-ti)+b-e_%-cos(Q-t,.)+c3
=a'S;+b-C,+6
Wherea, b, S;, and C, are defined as:
a=Acos@
b=Asing

S =er-sin(@-r)

C = cos(Q1)

The action §, the deviation square sum, can be written as:
2
S= 21 ()]

=E[yl.—a-Si—b-Ci—5]2

Minimizing § with respect to the three variables gives:

oS
_=2—S. —a-S.-b-C.=-6
aa l[yl a i i ]

i

==Y yS+a 38 +b- ¥ S, Ci+0: NS, =0

N
£=2—Ci[yi—a-Si—b-Ci—5]

==Y 3Ci+a Y SC+b Y CI+8:»C, =0
N

ﬁ—z—[yi—a‘Si—b-Ci—(S]

==Y y+a Y S+b- Y C+N=0

-18 -



This leads to matrix equation for 4, b, and 9 as:

and

EyiSi
Y= Eyici
E)’i

i

The solution then becomes:
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Error of fit

Action S can now be evaluated readily with the newly determined 4, b, and 6

S=E vi—a-S,-b-C,-8]
Eyl+a ESz+b2 EC2+62
-2a- Eyl S, -2b- Ey, . —20" Eyl

+2ab- ESC +2ad- ES +2b0- EC

=(Eyl.2)+a2-X11+b2'X22+62~X33
-2a-Y,-2b-Y,-26"Y,+2ab-X,, +2ad- X,, +2b5- X,

Scanning for the best frequency

Though best matching frequency can’t be calculated through minimization one can still find its
value by using iterative scanning procedure. The value of action § as a function of © can be
used to determine the best matching frequency. A restricted frequency range should be used to
avoid possible aliasing effect.

-20 -



Finding minimum of a 3" order polynomial function

Motivation

The minimum of a distribution can usually be found by using a 2™ order polynomial fit
to the data. However, when the distribution around the minimum is not symmetric a 3" order
fit can provide more accuracy to the location of the minimum.

Formulation

Given a 3" order polynomial
y=a, X’ +a, X" +a,-x+a,
The condition for either a local maximum or a local minimum is:

! . 2 . —
y'=3a,-x"+2a, x+a,=0

This leads to:
P +.,/a; -3a,-q,
: 3a,
and

n .
v."=6a, x,+2a,

2
—-a, x+/a; -3a;-q,

=6a,- +2a,

3a,

=+2,/a; -3a;"q,

Since the condition for a local minimum is that y">0 the minimum is always with:

2
-a, ++/a, —3a, - q,

3a,

X, =

The ordering of minimum and maximum will depend on the sign of a,, i.e. the minimum will
be on the negative side of maximum if a, <0.
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Calculating exact quadratic equation from 3 points

Application

For interpolating or extrapolating using existing data points.

Formulation
With

y,=ax’ +bx,+c,wherei=1,2, 0r 3,

we can write down three difference equations:
Y, = =a-(x22 —)c,2)+b-(x2 -x,)
Y=Y, =a-(x32 —x§)+b-(x3 -X,),
y=y=a (X -x7)+b(x, - x,)

and will need only two of them.
Using first two equations the solution for coefficients a and b can be written as:

(yz —yl)(x3—x2)—(y3 _yz)(xz _x1)

(xf _xf)(xs _xz)_(x32 _xi)(xz _x1)

and
(yz _yl)(x32 —xi)—(y3—y2)(x22 _xlz) .
(o =) (s =) = (45 = 23 ) (= )

The third constant ¢ can be calculated when values for a and b have been determined.

h=—

0.00E+00 -3.40E-04

I \

-4.00E-02

-8.00E-02 T

Cable dispersion correction coefficient

-1.20E-01 T

* Data points

—— quadratic equ.

-1.60E-01
29.7

29.8 29.9

30 30.1
Time, nsec

30.2

Cable dispersion correction coefficient

-3.80E-04 T

-4.20E-04 T

-4.60E-04 T

* Data points

—— quadratic equ.

-5.00E-04
239

24 241 242 243 244 245 24.6 24.7 24.8
Time, nsec

Two data examples with their corresponding quadratic equations as calculated.
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