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Hard interactions
• Scattering processes at high-energy colliders can be 

classified as either hard or soft.

• The underlying theory is always QCD, but the approach 
and level of understanding differs considerably.

• For hard processes, rates and event properties can be 
predicted to good precision using perturbation theory.

Such factorization is a general 
feature of hard scattering processes.

Any hard scale (Q2) will do, e.g. particle with large 
enough mass (Drell-Yan) or high ET object (inclusive jets).

σAB =
∫

dxadxb fa/A(xa, Q2)fb/B(xb, Q
2) σ̂ab→X



Soft processes
• For instance:

• determining the total cross section;

• predicting properties of the underlying event;

• understanding multiple interactions.

• These are dominated by non-perturbative effects that 
are much more poorly understood.

• Of course, usually we must understand both soft and 
hard interactions to make definitive comparisons.
Fortunately, my charge here is to discuss the latter.



Shameless plug
• A lot of material for this talk is borrowed from a recent 

review paper for the IOP.



Recipe for a calculation

(1)Identify the leading-order partonic process that 
contributes to the hard interaction producing X.

(2)Calculate the corresponding ME’s, starting with     .
(3)Combine with appropriate combinations of pdfs for the 

initial-state partons a and b.
(4)Make a specific choice for the scales μF and μR.
(5)Perform a numerical integration over the energy 

fractions xa, xb and the phase-space for the state X.

σ̂0

σAB =
∫

dxadxb fa/A(xa, µ2
F ) fb/B(xb, µ

2
F ) × [ σ̂0 + αS(µ2

R) σ̂1 + ... ]ab→X .

At any order in perturbation theory, the cross section is formally independent of the hard 
scale that separates long and short distance physics (μF) and the QCD coupling scale (μR).



Top pair production
• An archetypal hard

process, with the top quark
mass setting the scale.

• One event per second at the LHC - great for studying 
top quark properties.

• Bad for backgrounds, e.g. Higgs production, especially 
through weak boson fusion.

• With so many of these events, we will also need to 
understand the production of this state with additional 
jets (especially for the ttH search).
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How hard is hard?
• Adding jets introduces another 

hard scale, below which 
collimated energy deposits are 
not considered jets.

• Required by theoretical 
(parton-level) predictions.

• Typical jet transverse momenta 
at the Tevatron are ~10-20 GeV.

• Such cuts don’t seem so good 
at the LHC - not hard enough?



From Tevatron to the LHC
• Even when producing quite heavy objects the typical 

momentum fractions of partons in the proton are small, 
leading to a dominance of gluon (and sea quark) 
scattering.

• Top production provides
a classic example.

• This has important consequences for the 
phenomonology of hard interactions at the LHC.

• Scattering at the LHC is not simply rescaled scattering at 
the Tevatron.
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LHC       90%             10%



Step One

• This seems simple enough, by equating jets to partons.

• However, even this can cause headaches.

• Example: single top production (one every 2s).

• The primary mode is via t-channel exchange of a W:

(1)Identify the leading-order partonic process that 
contributes to the hard interaction producing X.

g→bb 
vertex

light 
quark

top 
quark

W

b-quark

Usually, we are not interested in the fate 
of the b-quark and so integrate it out.

This is possible because the b-mass 
regulates the collinear divergence.

Collinear region still dominates the rate.



Alternative formulation
• The effect of this collinear region can be factored out of 

the matrix elements and instead put into the PDF.

• The enhancement is logarithmic ~ αS log(mt/mb) and so 
can be resummed to all orders in the DGLAP approach.

more convergent perturbative expansion;

simpler calculation.

absorbed 
in PDF b-quark 

PDF



b-content of the proton
• Many calculations for the LHC make use of the b-pdf 

approach, e.g. associated Wt, H/W/Z + b’s.

• They rely on the perturbatively-derived b PDF.

• Steps towards measurement presented by ZEUS in 2006.

• The LHC should be able to improve on this.
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Figure 8: Double-differential beauty cross section as a function of Bjørken x and
Q2 for 4 < Q2 < 25 GeV 2 (a), 25 < Q2 < 100 GeV 2 (b) and 100 GeV 2 < Q2 (c)
compared with the NLO QCD calculations and scaled MC.
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Figure 8: Double-differential beauty cross section as a function of Bjørken x and
Q2 for 4 < Q2 < 25 GeV 2 (a), 25 < Q2 < 100 GeV 2 (b) and 100 GeV 2 < Q2 (c)
compared with the NLO QCD calculations and scaled MC.
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(2)Calculate the corresponding ME’s, starting with     .

Step two

• The leading-order partonic matrix elements are 
nowadays readily calculated numerically.

• Practical limit (about 8 particles) due to the growth in 
the number of diagrams and calculation of colour.

can extend using “twistor-inspired” analytic methods.

• A number of different packages complete the calculation 
with efficient phase-space sampling integration.

• Very useful, but limited by the usual failings of LO.

σ̂0



Beyond LO
• Logarithms from the evolution 

of the pdfs and the running of αs 
begin to be explicitly cancelled.

reduced scale dependence.

• Check of the reliability of 
perturbation theory.

• Better sensitivity to real physics.

more proton content, more 
realistic jets.
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FIG. 2: Scale dependence of the LO cross sections for tt̄+jet
production at the Tevatron (upper plot) and at the LHC
(lower plot), where the renormalization and factorization
scales are set equal to µ. The individual contributions of
the various partonic channels are shown also separately.

scales, which are identified here (µ = µren = µfact). The
variation ranges from µ = 0.1 mt to µ = 10 mt. The
dependence is rather large, illustrating the well-known
fact that the LO predictions can only provide a rough
estimate. At the Tevatron the qq̄ channel dominates the
total pp̄ cross section by about 85%, followed by the gg
channel with about 7%. At the LHC, the gg channel
comprises about 70%, followed by qg with about 22%.

In Figure 3 the scale dependence of the NLO cross
sections is shown. For comparison, the LO results are
included as well. As expected, the NLO corrections sig-
nificantly reduce the scale dependence. We observe that
arround µ ≈ mt the NLO corrections are of moderate
size for the chosen setup.

Finally, we have performed a first study of the forward–
backward charge asymmetry of the top quark at the
Tevatron. In LO the asymmetry is defined by
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FIG. 3: Scale dependence of the LO and NLO cross sections
for tt̄+jet production at the Tevatron (upper plot) and at the
LHC (lower plot), where the renormalization and factoriza-
tion scales are set equal to µ.

At
FB,LO =

σ−

LO

σ+
LO

, σ±

LO = σLO(yt>0) ± σLO(yt<0), (1)

where yt denotes the rapidity of the top quark. Cross-
section contributions σ(yt

>
< 0) correspond to top quarks

in the forward or backward hemispheres, respectively,
where incoming protons fly into the forward direction
by definition. Denoting the corresponding NLO contri-
butions to the cross sections by δσ±

NLO, we define the
asymmetry at NLO by

At
FB,NLO =

σ−

LO

σ+
LO

(

1 +
δσ−

NLO

σ−

LO

−
δσ+

NLO

σ+
LO

)

, (2)

i.e. via a consistent expansion in αs. Note, however, that
the LO cross sections in Eq. (2) are evaluated in the NLO
setup (PDFs, αs).

Figure 4 shows the scale dependence of the asymmetry
at LO and NLO. The LO result for the asymmetry is of

Dittmaier, Uwer & Weinzierl,
hep-ph/0703120



Caveat emptor

• Beware: this is not 
always the case. 

• Example 1: additional 
large contributions 
that only appear at 
higher orders.

• Example 2: scale 
variation at LO is 
unusually small.
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FIG. 4: The scale-dependence of the leading order and next-to-leading order cross-sections σ(pp → ZZZ).
We have set the factorization and the renormalization scales equal to a common value µ.

FIG. 5: The transverse momentum and rapidity distributions of the Z bosons at LO and NLO in αs, nor-

malized by a factor 1/3. The results obtained by re-scaling the LO distribution by a constant K-factor are
also shown. The value of the factorization and the renormalization scales are set equal to 3MZ .

range of µ considered. While such behavior is uncommon, it is by no means unique to this process;
a very similar situation occurs for Z production at the Tevatron [22].

In Fig. 5 we present the transverse momentum and rapidity distributions of the Z bosons. We

include all three bosons and divide by a factor of 3 to normalize the result. We compare these

distributions to the approximation of reweighting the LO results by a constantK-factor, whereK
is the ratio of NLO to LO inclusive cross sections. For the distributions studied, the NLO QCD

corrections do not depend significantly on the kinematics of the produced particles. Rescaling the

leading order kinematic distributions by a constantK-factor gives a description of the NLO result
accurate to a few percent. We expect that this is true in all kinematic regions for which phase space

is available at leading order.
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Lazopoulos & Melnikov, 
hep-ph/0703273

pp → ZZZ 
at the LHC



Loops and legs
• The bottleneck for NLO and beyond has always been 

the evaluation of loop diagrams.

dependence on particle masses
 and external momenta

historically, calculations performed
 case-by-case and by brute force

• No complete NLO QCD calculation for a process 
involving more than 5 particles.

• Further progress unlikely to be made in this fashion.

Virtual diagrams

An arbitrary LOOP MOMENTUM ! is intro-

duced, which must be integrated over to obtain

a final result.

The contribution from this diagram is,
Z

d4! N
!2(! + pd̄)2(! + pd̄ + pu)2

where N = ū(d̄)γα !! !ε( !! + !pd̄ + !pu)γαv(u).

u

d̄

W +

pd̄

!

pu

! + pd̄ + pu

! + pd̄

Evaluating these types of integrals – in particular as the number of propagators in

the denominator grows and as the complexity of N increases – is the major

challenge for NLO calculations.

Inspecting the denominator of the integral, there is a singularity when ! → −p d̄,

with two propagators vanishing. This occurs when the virtual gluon is SOFT.

In fact, ! ∝ pd̄ has the same effect. In this general case, the singularity occurs

when the virtual gluon is COLLINEAR to the external d̄ quark.

Just as when dealing with the singular configurations in the real diagrams, the

singularities can be exposed by moving out of four dimensions, d4! → d4−2ε!.

Parton level Monte Carlo at NLO – p.7

∫
d4! N

!2(! + pd̄)2(! + pd̄ + pu)2



Particle multiplicity
• With the increased c.o.m. energy of the LHC and the 

extended coverage of the CMS and ATLAS detectors, 
the number of particles seen in each event will be high.

• Pure QCD processes will be backgrounds to many 
signals of new physics.

• The best way to normalize a background cross-section is 
to measure it (e.g. sideband analysis) but that may not 
always be possible - especially during the early years.

• In that case, higher orders in QCD are the best option.



Wishlists
• One may concoct extravagant wishlists of backgrounds 

that one would like to know at NLO.

• Limited manpower necessitates prioritization by 
necessity and feasibility.Hard Interactions of Quarks and Gluons: a Primer for LHC Physics 93

process relevant for

(V ∈ {Z,W, γ})

1. pp → V V + jet tt̄H, new physics

2. pp → H + 2 jets H production by vector boson fusion (VBF)

3. pp → tt̄ bb̄ tt̄H

4. pp → tt̄ + 2 jets tt̄H

5. pp → V V bb̄ VBF→ H → V V , tt̄H, new physics

6. pp → V V + 2 jets VBF→ H → V V

7. pp → V + 3 jets various new physics signatures

8. pp → V V V SUSY trilepton searches

Table 2. The wishlist of processes for which a NLO calculation is both desired and
feasible in the near future.

semi-leptonically. It is useful to look both in the H → WW exclusive channel,

along with the H → WW+jet channel. The calculation of pp → WW+jet will be

especially important in understanding the background to the latter.

• pp → H + 2 jets: A measurement of vector boson fusion (VBF) production of the

Higgs boson will allow the determination of the Higgs coupling to vector bosons.

One of the key signatures for this process is the presence of forward-backward

tagging jets. Thus, QCD production of H + 2 jets must be understood, especially

as the rates for the two are comparable in the kinematic regions of interest.

• pp → ttbb and pp → tt + 2 jets: Both of these processes serve as background to

ttH, where the Higgs boson decays into a bb pair. The rate for ttjj is much greater

than that for ttbb and thus, even if 3 b-tags are required, there may be a significant

chance for the heavy flavour mistag of a ttjj event to contribute to the background.

• pp → V V bb: Such a signature serves as non-resonant background to tt production

as well as to possible new physics.

• pp → V V + 2 jets: The process serves as a background to VBF production of a

Higgs boson.

• pp → V + 3 jets: The process serves as background for tt production where one

of the jets may not be reconstructed, as well as for various new physics signatures

involving leptons, jets and missing transverse momentum.

• pp → V V V : The process serves as a background for various new physics

subprocesses such as SUSY tri-lepton production.

Work on (at least) the processes 1. to 4. of Table 2 is already in progress by several

groups, and clearly all of them aim at a setup which allows for a straightforward

Les Houches 
workshop, 2005

Dominated by final states 
containing b-quarks, high 

pT leptons and missing 
energy.

/1

-------------- ZZZ



One-loop advances
• Massive progress from many approaches - “generalized 

unitarity” and different flavours of recursion relation. 

• together these enabled analytic results to be obtained 
for all helicity combinations of 6-gluon amplitudes.

• Extending the tree-level recursion relations (MHV, CSW, 
BCFW) to the one-loop level is difficult.

• The complications due to the analytic structure beyond 
LO (branch cuts) must be handled with care.

On-Shell Unitarity Bootstrap for QCD Amplitudes 7
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Figure 7. The recursive diagrams at one loop. A ‘T ’ signifies a tree amplitude and an ‘L’ a loop amplitude.

addition to the contour used to derive the tree-
level recursion, we will need contours of the form
shown in fig. 6. We must also deal with spurious
singularities, and in some cases, the non-standard
nature of factorization in complex momenta (dif-
fering from ‘ordinary’ factorization in real mo-
menta). In non-standard factorization channels
(always two-particle ones with like-helicity glu-
ons), double poles and ‘unreal’ poles not present
with real momenta may appear [37,38]. It is best,
and fortunately possible, to avoid these channels
in constructing recursion relations.

This avoidance comes at a price: in general,
when choosing shifts to avoid non-standard fac-
torizations, the shifted amplitude A(z) may not
vanish as z → ∞. The contour integration in
fig. 6 makes it clear that additional ‘boundary’
contributions arise in this case. The approach
taken in ref. [17], is to allow for such contribu-
tions, and to determine them using an auxiliary
shift and recursion relation. Choices for shift mo-
menta with the required properties may be found
in ref. [17].

After applying the shift (1), a loop amplitude
is of the schematic form,

A(z) =
∑

polylog terms

+
∑

b

Resi

z − zi
+

∑

i

aiz
i .

Our approach to determining this function uses
the four-dimensional unitarity method to obtain
the polylogarithmic and logarithmic terms, on-
shell recursion to determine the residues and an
auxiliary recursion relation (when needed) using
a different shift to obtain the coefficients ai.

In the on-shell bootstrap one first computes
the cut-containing terms. These will usually con-
tain unphysical spurious singularities that can-
cel against the rational functions. For reasons
of numerical stability it is useful to absorb most

of these into functions that are free of these sin-
gularities. We can construct such functions by
adding appropriate rational functions to the poly-
logarithmic terms. For example, we may com-
plete

ln(r)

(1 − r)2
→ ln(r)

(1 − r)2
+

1

1 − r
,

so that it is singularity-free as r → 1 (r is a ra-
tio of kinematic invariants). The use of a ‘cut
completion’ also aids the construction of an on-
shell recursion, since we do not need to compute
residues at these unphysical poles.

^
j

l^
CRn

... ...

Figure 8. The overlap diagrams corresponding
the to different physical channels.

The recursive contributions, illustrated in
fig. 7, are similar to tree-level ones, except that
they involve loop vertices created from loop am-
plitudes by setting all cut-containing terms to
zero. In addition, we have ‘overlap contributions’
coming from the appearance of physical poles in
the completed-cut terms. We need to subtract
off this overlap; we simply perform the shift (1)
and extract the residues of the poles in all physi-
cal channels. The correspondence of these con-
tributions to physical channels again allows us
to give them a diagrammatic interpretation, as
illustrated in fig. 8. When the amplitude does
not vanish at large values of the shift parame-
ter, the extra contributions may be computed us-
ing an auxiliary recursion relation as described in
ref. [17].



Recent progress
• One “bootstrap method” has been applied to obtain 

new results for a number of one-loop n-gluon and (n-2) 
gluon, 2 quark amplitudes.

Mostly limited to specific helicities (e.g. MHV).

• Most of these methods apply only to gluons or (maybe) 
massless quarks.

• Very important contribution, but we’re often interested 
in the quark masses (e.g. in the wishlist).

• Implementation in a full MC is at least one step away.

Berger, Bern, Dixon, Forde, Kosower



• A completely different avenue has been taken by a 
number of numerical approaches to the loop integrals.

• One such method uses a “semi-numerical” calculation.

• Successfully included in a full calculation of H+2 jets.

Numerical approaches

Mvirt =
∑

n

cn(m2
i , p

2
i , . . .)In(ε,m2

i , p
2
i , . . .)

coefficients
scalar integrals 

containing divergences

internal 
masses 

external 
momenta

calculate 
numerically using 
recursion relations

Giele, Ellis, Zanderighi



Latest developments
• Another idea is to perform the loop integration itself 

numerically.

extract singularities using sector decomposition.

deform contours to avoid internal thresholds.

• This was the method used to calculate the NLO 
corrections to ZZZ production.

• Downside: slow! 

• Has also been applied to a 2-loop calculation.

Binoth, Heinrich

Soper, Nagy

“ ... ten thousand kinematic points required a few days of running 
on a cluster of several dozen processors.”

Anastasiou, 
Beerli, Daleo



NNLO
• Calculation of 2-loop corrections has advanced 

considerably in the last ~10 years.

• Hadron collider matrix elements are now known for:

Drell Yan, Higgs production (gg fusion & with W/Z);

dijet, diphoton production;

production of a vector boson and a single jet.

• Particle multiplicity much smaller than at NLO.

• Very few of these have become full NNLO predictions. 



Another bottleneck?
• Go back to the 

original list.

• I’ve talked about 
the first two 
points.

• R. Thorne has 
covered pdfs.

• I’ve discussed 
scale dependence.

The only step left - and the culprit - is 
the phase space integration.



Real radiation
• The loop diagrams are only part of the calculation.

• At NLO, machinery has been developed that extracts 
the universal soft and collinear singularities from the real 
radiation contribution (slicing, subtraction).

• This is important for exclusive cuts and measurements.

• At NNLO, the radiation can
 be triple collinear, doubly soft
or collinear, or soft-collinear.

Extracting the singularities without double-counting 
is a major hurdle that has to be overcome.

Real Corrections at NNLO

Infrared subtraction terms

m + 2 partons→ m jets:

−→ C

m + 2 → m + 1 pseudopartons→ m jets:

−→ C ′

Double unresolved configurations:

triple collinear

double single collinear

soft/collinear

double soft

Single unresolved configurations:

collinear

soft

J. Campbell, E.W.N. Glover; S. Catani, M. Grazzini

Issue: find subtraction functions which

approximate full m + 2 matrix element in all singular limits

are sufficiently simple to be integrated analytically
Status of jet calculations at NNLO – p.9

singular factor



Strategies
• In the NNLO calculations that have been completed so 

far, the integrals have been computed directly using 
sector decomposition.

2→2 processes with only initial or final singularities.

• A more obvious approach is to try to generalize the 
NLO subtraction/slicing methods to NNLO.

• This has been successfully applied to the subleading in 
colour (QED-type) contributions to e+e- → 3 jets.

• With a full calculation, can try to extend to pp → V+jet.

Anastasiou, Menilkov, Petriello

Gehrmann-de Ridder, Gehrmann, Glover, Heinrich



From the archives ...
• Talk based on seminal 

paper calculating QCD 
corrections to the gluonic 
width of the upsilon.

• Amusingly accurate 
summary of the situation 
today.

• Performing loop 
calculations automatically 
is still the holy grail.

“Use of existing methods would require the assembly of 
a small army of Kinoshitas and Lindquists to devote 
many man-years of effort working on computer 
programs for many separate processes.”

“The ideal would be the creation of a master 
program which for any desired process would 
generate the graphs, assign the momenta in the 
loops, evaluate the gamma matrix traces and colour 
algebra, and perform the integrals.”



Other effects
• We may need to incorporate 

other descriptions of the data at 
the LHC.

• Example 1: the BFKL formalism 
predicts an enhanced rate of 
emission of jets between two 
widely-separated ones.

• Example 2: electroweak 
corrections may also be large, at 
least in certain kinematic regimes.
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Figure 92. The rate for production of a third (or more) jet in W+ ! 2 jet events as a function of the
rapidity separation of the two leading jets. A cut of 20 GeV has been placed on all jets. Predictions
are shown from MCFM using two values for the renormalization and factorization scale, and using
the BFKL formalism, requiring either that there be exactly 3 jets or 3 or more jets.

6.6.4. Top quark production. As at the Tevatron, t t̄ production at the LHC proceeds through
both qq̄ and gg initial-states. Consider a specific value of

√
ŝ of 0.4 TeV (near t t̄ threshold);

from figure 79, the qq̄ annihilation component is only a factor of 10 larger at the LHC than
at the Tevatron. The gg component, on the other hand, is over a factor of 500 larger, leading
to (1) the large dominance of gg scattering for top pair production at the LHC, in contrast
to the situation at the Tevatron and (2) a total t t̄ cross section a factor of 100 larger than at
the Tevatron. Interestingly, as shown in figure 93, the cross section for t t̄ production is anti-
correlated with the W cross section. An increase in the W cross section is correlated with a
decrease in the t t̄ cross section and vice versa. This is due to the dominance of the gg fusion
subprocess for t t̄ production, while W production is still predominantly quark–antiquark. An
increase in the gluon distribution in the x range relevant for t t̄ production leads to a decrease in
the quark distributions in the (lower) x range relevant for W production. In fact, the extremes
for both cross sections are produced by CTEQ6.1 eigenvector 5 (pdfs 9 and 10) which is most
sensitive to the low x behaviour of the gluon distribution.

The ratio of the NLO to LO predictions for t t̄ production at the LHC is shown in figure 94.
In contrast to the Tevatron, the NLO cross section is larger than the LO one by an approximately
constant factor of 1.5. We also plot the NLO/LO ratio specifically for the qq̄ initial-state where
we observe a behaviour similar to that observed at the Tevatron, but not as pronounced.

It is also evident that because of the higher percentage of gg production and the lower
average x of the incident partons, the jet multiplicity will be significantly higher for t t̄

production at the LHC than at the Tevatron. Consider the production of a pair of top quarks in
association with an additional jet at the LHC. Defining the cross section for this process to only
include events with a jet of transverse momentum greater than some minimum value, pT,min,
yields the dependence on pT,min shown in figure 95. The reason for this behaviour is discussed
at length in section 3.2. Overlaid on this figure is the cross section for top pair production at

BFKL and NLO QCD 
similar for exactly 3 jets

BFKL enhanced by production 
of 4 or more jets

Andersen 
et al.

Other Topics

I have concentrated on the two most commonly-explored avenues of 

studying hadron collider physics: expansions in !s and parton showers.

The breakdown of fixed order perturbation theory can also be attacked by 
identifying classes of large logarithms that can be isolated and/or resummed. 

Another area of study that has attracted 
interest recently is the calculation of 
electroweak corrections in jet production.

Such effects have long been studied in the 
context of precision measurements at 
LEP and the Tevatron.

Although in general effects are expected 
to be small, large contributions arise from 

uncancelled logarithms ~ !wlog2(µ/MW)

S. Moretti, 
M. Nolten, 

D. Ross

hep-ph/0606201Moretti, Nolten, Ross

EW corrections to dijet 
production ~ αwlog2(μ/MW)



Conclusions
• Understanding hard interactions more completely is 

essential to exploit the LHC to its fullest potential.

• In the early days, we should learn quite quickly how 
our current understanding of these hard interactions 
extrapolates to the new energy regime.

• We may find that we need to re-examine some of our 
rules-of-thumb and require more from pQCD.

• Thanks to a lot of hard work in recent years, an 
immense amount of progress has already been made: 
more on the way by the time data is rolling in.


