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Synchrotron Radiation

Synchrotron Radiation

For a relativistic particle, the total radiated power (S&E 8.1) is
2 2
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i 1 62_67/4 _ 1 é E / inverse fourth power of the
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Effects of Synchrotron Radiation

@ Two competing effects
Damping

damping time / /,
period

Quantum effects related to

NP:NT —

\

Number of photons
per period
emission

Synchrotron Radiation

Rate of photon

.~ energy

Ty =T —

¥ = energy lost per turn

the statistics of the photons
O =/ NTy (u?)
AE AE

Average photon
energy
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The power spectrum of radiation is
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Synchrotron Radiation

u =ho,
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The total rate is: N = J.mfl(u)du _ 15\/§£
0 8 u

c

The mean photon P 8
energy is then <u> - ﬁ - 153 U
The mean square of the | o= P ey "
photon energy is <u2> = —J‘ uzﬂ(u)du = —J. —S| — |du
N 7o N u. \u,
11
= —u
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The energy lost per turn is 2 4
ec 1 (dt
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It’s important to remember that p is not the curvature of the
accelerator as a whole, but rather the curvature of individual magnets.

r0=2_, gf;é =21
p p
So if an accelerator is built using magnets of a
fixed radius p,, then the energy lost per turn is
2,,4 2.4
e 1 e
g €Yyl e

s

~6 2873
e " p € Po

For electrons For CESR
4 E =529 GeV
U.[MeV]= 08855 [GeV]
polm] p,=98m
3 —_
wonay, 2T U, =.71MeV
2 (u) 98 keV
3 U)=—-rpr=u,= €
uc[kev]=2,21gm 15\/§
py[m] T
. 2= ,’— =2.0 keV
A_N‘L':ﬂﬁ‘[:ﬂi <u > 27”" €
/, 8 u, 8 u, N =721
=.1296E[GeV] s
photons/turn
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Small Ampﬂﬁt&ﬂ@ﬂ@ Longitudinal Motion

AE =

(& 1

L

B

If we radiate a photon of energy u, then

l (A1) +€* =gle

e=g,sin(2wv,n+38)
At = B,g,cos(2nv n+6)

AL —(At)’ + B,e* =€, = constant w/o radiation

amplitude of energy
oscillation

, 1 2 2
SO,new_ﬁ_z(At) +(£_u) d_gé =l¢d—ggdl’
1 . 2 dt T,7 dt
:F(At) +e*—2eutu 5 |
L =——<j§<£P>dt+—cﬁN<u2>dt
=g, —2eu+u’ 757‘ Ts N
2_ 2 -
— AE;) =—2eu+u damping term Heating term
de, - /2
—=-2eN{u)+N
e ()

Synchrotron Radiation
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Evaluate integral in damping term

95<8P>dt:%§ﬁ[1+%J<sP>ds /

di
/\% dl=(p+x)ds = cdr

—)dt:l(p+x)ds
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1 £ :
= — 1+D_ <8P>ds
Ccﬁ( PESJ<\ use,)c:D&:Di
P E
Recall 4 Dependence of field
PZLHBzEz
6me,m’c dB d_B_d_Bﬂ
—=5 dE  dx dE
1 dB 1 dx -
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©) { B,dE E. 8) =k(Bp) _x(Bp)D
E

s
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Synchrotron Radiation
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Putting it all together...

95<gp>dt:% <5R(1+E£%J[l+2é—f(KpD+l)J>ds Use
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Going way back to our original equation (p. 7)

<dd—i§> = —%9S<8P>dt+%cj>l\7<u2

2
=£°—gs(2+D)+iCﬁN<u2>dt
T T
[ ) J
Y f
damping heating

e (t)=¢;(0)e

y 1,
e +E] (00)(1 e ”")

1 s
where ; = E(2+D) The energy then decays in a time
T, po.
() == N () ds T =21,
’ 1 U
—= 1 (2 + D)
T, 2TFE,
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In a separated function lattice, there is no bend in the quads, so K#0—p— e

Further assume uniform dipole field (p=p,)

1 D 1 D 1
— 2KpD+st —b—ds —(Coa
Cﬁpz( P :pécﬁpo _pé( )

D= =
q.}%ds L(ﬁids L(27:)
P Po = Po Po
Co
= <1
2mp,
1 U probably the answer you would

= have guessed without doing any
Te TsEs calculations.
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Equilibrium energy spread will be 1
0; =(& (=)= €y(=)

= (e ar

s

Use N

153 P <2>_£2 3y’

Ty u VTt TR,
. 55 ehcy’ ¢ 1

—>Cﬁ<Nu2>:—16\/§ 677:60 cﬁ;ds

Effects of synchrotron radiation
» Damping in both planes
» Heating in bend plane
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Behavior of beams

We’re going to derive two important results
1. Robinson’s Theorem 1 U

T, Er,
aid

€

transverse damping times
For a separated function lattice

T,=1,

0. =+NT

photons emitted in a Mean dispersion
damping period
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Here we go...

Synchrotron radiation Energy lost along trajectory, so
radiated power will reduce

/ momentum along flight path
R 5

—«x1 d, P A

Y _p ~

-—0
dt c

P

If we assume that the RF system restores the energy lost each turn, then

Energy lost along the path — Ay=Ay"=0
Energy restored along nominal path § = ”adiabatic damping”
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Recall

Y AYB

=

é/'
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Synchrotron Radiation

“=a*(aSC+5?)

AP,
A

y=a ﬁcos(l//(s)+5)

’

y =

A
dn

v=lsyiay=b
p
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=-y —p:

p
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,AE
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—ﬁ(a cos(y(s)+8) +sin(y(s)+5))

As we average this over many
turns, we must average over all

phase angles
<sm (w(s)+6) > 0

<sm y(s)+ 5 >
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d(a
dt

S
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USPAS, Hampton, VA, Jan. 26-30, 2015

Calculating beam size

a0} _pas . v,

dt 2 dt E
540l _yy do

dt dr

do U, o

—>

y=ayBcos(y+8)—>{y

Synchrotron Radiation

y

Note, in the absence of any
heating terms or emittance
exchange, this will damp to a
very small value. This is why
electron machines typically
have flat beams. Allowing it
to get too small can cause

o,
@ wE Tf“(/ problems (discussed shortly)
T, —2‘: =21,
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Horizontal Plane

Things in the horizontal plane are a bit more complicated because
position depends on the energy

betatlfon AE
motion 5/
x=xﬁ+DE xﬂ:afcos(w(s)+5)za\/zc
e D E where X5 = —ﬁ(acos(v/(s)+5)+sin(l//(s)+5)) = —ﬁ(aC+S)
E

Now since the radiated photon changes the energy, but not the position
or the angle, the betatron orbit must be modified; that is

Ax=[(xﬁ+Axﬂ)+D%:|_|:xﬁ+DE£s:|

u

E

s

=Ax;—-D 0

u
— > Ay, =D—
ﬁ E.\‘
AY'=Axy—D'—=0
E.\‘
o

E

s

—> A =D’
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Going back to the motion in phase space

a’ = }/xfi +200x,xp + ,Bx;2

2 2
u u u u
Aa*> =y|x,+—D | +2a| x,+—D || x,+—D’ |+ B| x, +—D’
—(yx§ +200x,xp + ﬁxgz)

oc(D’xﬁ + Dx;)+ vx;D+ ﬁx},D’J

. _H
+(1J yD* +2aDD’ + D’
Ve

d_az = ZQa(D’xﬁ + Dx;)+ vxzD+ ﬁx;,D’J
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Averaging over one turn

2 2
da’\ _ Lq}di dr
dt 7,7 dt

Ad’ = TLE¢P[a(D'xﬁ +Dx;)+}/xﬁD+ﬁx;D']dt
1 . et al
+——@Nu’Hdt ge OV 5e5
o, e N Py
2
% :%S’%P[a(D'xB+Dx[',)+yxﬁD+ﬁxl'3D']>dt

1 .
+E <NM2>Hdt

use dl = (1+ﬁst; =
p dt

s A= %4}<(1+ %)P[(x(D’xﬁ + Dxl'i)+yx/,D+ﬂx,’3D’}>ds
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As before
e B,
6me, myc
P _, P
dB "B,
2 dB
Plx;)=P| 1+ X
( p ) s( B, dx"” J
2
=P |1+—kpx
A[ BO P ﬁ)

A= lq')<(1 + %JPX (1 + 2prﬁ)|:a(D’xﬁ + Dx[;)+ yxsD+ ﬁx;D':|>ds

C

Same procedure as p. 9
1

g[)— 2kpD + b ds
a’ D a’U ? P
=—§[)PS—(1+2Kp)ds =——=D; where D=
2¢c P 2 q')i ds
pz
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Going back... d_az 2

1 .
” = TSE: A+E¢<NM2>H(11‘
U 1 :
- ‘;E D+—TSES $(Nu) Har

But remember, we still have the adiabatic damping term from re-acceleration,
o)

da® » U,
a TUTE
a’U, -
——TE (1—D)+T95<Nu2>Hdt

az(t)=a2(0)e””+a2(oo)(1—e"/’)

l o GZU.; (1 ~ ’D) Robinson’s Theorem
T T,E, .t :L(2+D)
TE TA T\‘ 2‘[.!EJ
As before... +- Y (1p)| forD<<1
O, o< \/a—2 2tk T, =T, =2T,
7,=21 E— o
1_0U (1-D) _ v,
T, 2T, T ,E,
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O (c0)= <xm = Eﬁa
B 2
=—= Nu~ YHdt
4ElT, (ﬁ< >
B ;2
= Nu” yHdt
2U:EX(I—D)9S< >
Equilibrium emittance
use
02() 1 - Ve 3%
=2 = Ni dt :ﬂﬁ 271712 :Ehyc
“T7B 2U1E5(1—D)(JS< WM N=73 u< J=gie=y p
3 2 .4 p=£ o L,
T G Rl L s iy XA 6, p*
163/3 \ 67¢, )I p
H
—d
55v°he| of eyt 1 (ﬁp3 y
= \/— é _Zdt 1
1643 6re, ) p 9S7ds
P
H
—d.
_55y%hc gs,f :
163 $-Las
P
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€(e0)= m95<zvuz>dt
1 ssy'ne,, (j’%ds
20, (yme*)(1-D) 163 95#615
gS ds
<j> ds

55 h
h eC =———=38x10" (for electrons
wher 3203 me ( )

. . . . 1 1 ¢ds 2m
For a separated function, isomagnetic machine p=p, orp=c— 95?ds= o ;Y s
0 0
€(00)=C 95 ds
X q 27'Ep
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Approximate
gSﬂds ~27(H); recall H=yD* +20DD’ + D"
P
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r)-(2
1 1
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