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The properties of high-mass multijet events produced at the Fermilab proton-antiproton collider are com-
pared with leading order QCD matrix element predictions, QCD parton shower Monte Carlo predictions, and
the predictions from a model in which events are distributed uniformly over the available multibody phase
space. Multijet distributions corresponding to~4N24! variables that span theN-body parameter space are
found to be well described by the QCD calculations for inclusive three-jet, four-jet, and five-jet events. The
agreement between data, QCD matrix element calculations, and QCD parton shower Monte Carlo predictions
suggests that 2→2 scattering plus gluon radiation provides a good first approximation to the full LO QCD
matrix element for events with three, four, or even five jets in the final state.@S0556-2821~96!03519-9#

PACS number~s!: 13.87.Ce, 12.38.Qk, 13.85.Hd
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I. INTRODUCTION

A study of the properties of events containing three
more jets produced in high-energy hadron-hadron collisio
can ~i! test our understanding of the higher-order QCD pr
cesses that result in multijet production,~ii ! test the QCD
parton shower Monte Carlo approximation to the full leadin
order~LO! QCD matrix element, and~iii ! enable a search for
new phenomena associated with the presence of many h
partons in the final state. The Collider Detector at Fermil
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~CDF! Collaboration has recently reported the characterist
of two-jet, three-jet, four-jet, five-jet, and six-jet events@1#
produced at the Tevatron proton-antiproton collider opera
ing at a center-of-mass energy of 1.8 TeV. Results from
analysis of events with multijet masses exceeding 6
GeV/c2 were presented for a data sample corresponding
an integrated luminosity of 35 pb21. The multijet-mass dis-
tributions, leading-jet angular distributions, and mass depe
dent jet multiplicity distributions were shown to be well de
scribed by both theNJETS @2# LO QCD matrix element
calculation for events with up to five jets, and theHERWIG @3#
QCD parton shower Monte Carlo calculation for events wi
up to six jets. For these selected distributions the QCD p
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dictions were found to give a good description of the data
In the present paper we use a larger data sample an

more comprehensive set of multijet distributions to exte
our comparison of the properties of high-mass multi
events with QCD predictions. In particular, we use the set
~4N24! variables that span theN-jet parameter space an
were recently proposed by Geer and Asakawa@4#, and com-
pare the observed three-jet, four-jet, and five-jet event ch
acteristics with~a! NJETS LO QCD matrix element predic-
tions, ~b! HERWIG parton shower Monte Carlo predictions
and ~c! predictions from a model in which events are un
formly distributed over the available multijet phase-spac
Results are based on a data sample which was recorde
the CDF Collaboration during the period 1992–1995, a
corresponds to an integrated luminosity of 105 pb21.

II. EXPERIMENTAL DETAILS

A description of the CDF detector can be found in Re
@5#. Full details of the CDF jet algorithm, jet corrections, an
jet resolution functions can be found in Ref.@6#, and a de-
scription of the trigger and event selection requirements
the high-mass multijet sample are given in Ref.@1#. In the
following we give a summary of the main details of the CD
detector, jet reconstruction, and event selection requireme
that are relevant to results presented in this paper. We use
CDF coordinate system in which the origin is at the center
the detector, thez axis is along the beam direction,u is the
polar angle with respect to thez-axis, andf is the azimuthal
angle measured around the beam direction.

The multijet analysis described in the following section
exploits the CDF calorimeters, which cover the pseudorap
ity region uhu,4.2, whereh[2ln~tanu/2!. The calorimeters
are constructed in a tower geometry inh-f space, and are
segmented in depth into electromagnetic and hadronic co
partments. The calorimeter towers are 0.1 units wide inh.
The tower widths inf are 15° in the central region and 5° a
larger uhu ~approximatelyuhu.1.2!. Jets are reconstructed us
ing an algorithm that forms clusters from localized ener
depositions in the calorimeter towers. Calorimeter towers
associated with a jet if their separation from the jet axis
~h,f! spaceDR5(Dh21Df2)1/2,R0 . For the analysis de-
scribed in this paper the clustering cone radiusR050.7 was
chosen. With thisR0 a plot of the separation between all je
observed in the data sample described below reveals tha
a good approximation, clusters with separationsDR,0.8 are
always merged by the jet algorithm into a single jet, a
clusters with separationsDR.1.0 are never merged. Thus
the effective minimum observable separation between
DRmin50.960.1. Jet energies are corrected for calorime
nonlinearities, energy lost in uninstrumented regions a
outside of the clustering cone, and energy gained from
underlying event. The jet corrections typically increase
energies by 25% for jets with transverse ener
ET5E sinu.60 GeV, whereu is the angle between the je
axis and the beam direction. The jet corrections are larger
lower ET jets, and typically increase jet energies by abo
30% ~40%! for jets withET540 GeV ~20 GeV!. After cor-
rection, jet energies are measured with a precisionsE/E of
approximately 0.1 and multijet masses calculated from
jet four-vectors are measured with a precisionsm/m of ap-
.
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proximately 0.1. The systematic uncertainty on the jet ener
scale is 5% for jets in the central region~uhu,1.2!. There is
an additional systematic uncertainty of 2% on the energ
scale of jets at largeruhu relative to the corresponding scale
for central jets.

The data were recorded using a trigger which require
(ET.300 GeV, where the sum is over the transverse ene
gies (ET) of all uncorrected jets withET.10 GeV, and the
jet transverse energies were calculated assuming an ev
vertex at the center of the detector (x5y5z50). In the
subsequent analysis the(ET was recalculated using the re-
constructed vertex position and corrected jet energies, a
summing over all jets with correctedET.20 GeV. Events
were retained with(ET.420 GeV. To reject backgrounds
from cosmic ray interactions, beam halo, and detector m
functions, the events were required to have~i! total energy
less than 2000 GeV,~ii ! a primary vertex reconstructed with
uzu,60 cm, ~iii ! no significant energy deposited in the had
ron calorimeters out of time with the proton-antiproton co
lision, and ~iv! missing-ET significance @7# S[E” T/
((ET)

1/2,6, whereE” T[u(ETiu, and ETi is a vector that
points from the interaction vertex to calorimeter celli and
has magnitude equal to the cellET . These requirements se-
lect 30245 events.

III. QCD AND PHASE-SPACE PREDICTIONS

In the following we will compare observed multijet dis-
tributions with predictions from~a! the HERWIG @3# QCD
parton shower Monte Carlo program,~b! the NJETS @2# LO
QCD 2→N matrix element Monte Carlo program, and~c! a
model in which events are distributed uniformly over th
availableN-body phase space.

A. The HERWIG parton shower Monte Carlo calculation

HERWIG @3# is a QCD parton shower Monte Carlo pro-
gram that includes both initial- and final-state gluon radia
tion. HERWIG predictions can be thought of as QCD 2→2
predictions with gluon radiation, color coherence, hadroniz
tion, and an underlying event. We have used version 5.6
theHERWIGMonte Carlo program together with a simulation
of the CDF detector response based on testbeam data. In
HERWIG calculations we have used theCTEQ1M @8# structure
functions and the scaleQ25stu/2(s21u21t2). HERWIG

generates 2→2 processes above a specifiedpT
hard where

pT
hard is thepT of the outgoing partons from the hard scatte

before any radiation has occurred. It is important to chose
low value ofpT

hardso that adequate account is taken of even
in which the detector response has fluctuated upwards
several standard deviations and/or the spectator system
companying the hard scattering process, including the init
state radiation, makes an unusually large contribution to t
(ET . We have set the minimumpT

hard to 60 GeV/c. The
contribution to the(ET.420 GeV Monte Carlo sample from
events withpT

hard,60 GeV/c is estimated to be less than 1%

B. The NJETS QCD matrix element calculation

TheNJETSMonte Carlo program@2# provides parton-level
predictions based on the LO QCD 2→N matrix elements.
The calculation requires the minimum separation betwe
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the final state partons in~h,f!-space to exceedDRmin . We
have setDRmin50.9, and have used the Kwiecinski-Martin
Roberts-Stirling set D0~KMRSD0! structure function pa-
rametrization@9# with the renormalization scale chosen to b
the averagepT of the outgoing partons.NJETSdoes not use a
parton fragmentation model. Jet definitions and select
cuts are therefore applied to the final state partons. To en
a direct comparison betweenNJETSpredictions and observed
distributions we have smeared the final state parton ener
in our NJETScalculations with the Gaussian jet energy res
lution function:

sE50.1E. ~1!

This provides a good approximation to the CDF jet reso
tion function.

C. Phase-space model

We have used theGENBOD phase-space generator@10# to
generate samples of Monte Carlo events for which the m
tijet systems uniformly populate theN-body phase-space
These phase-space Monte Carlo events were generated
single-jet masses distributed according to the single-jet m
distribution predicted by theHERWIG Monte Carlo program.
In addition, the multijet mass distributions were generat
according to the corresponding distributions obtained fro
the HERWIG Monte Carlo calculation. Comparisons betwee
the resulting phase-space model distributions and the co
spondingHERWIG andNJETSMonte Carlo distributions help
us to understand which multijet parameters are most se
tive to the behaviour of QCD multijet matrix elements.

IV. MULTIJET VARIABLES

To completely specify a system ofN jets in theN-jet
rest-frame we require~4N23! independent parameters
However, theN-jet system can be rotated about the bea
direction without losing any interesting information. Henc
we need only specify~4N24! parameters. We will use the
N-jet mass and the~4N25! dimensionless variables intro
duced and discussed in Ref.@4#. In the following the vari-
ables are briefly reviewed.

A. Three-jet variables

In previous three-jet analyses@11,6,12# it has become tra-
ditional to label the incoming interacting partons 1 and
and the outgoing jets 3, 4, and 5, with the jets ordered s
that E3.E4.E5 , whereEj is the energy of jetj in the
three-body rest-frame. At fixed three-jet massm3J a system
of three massless jets can be specified in the three-jet r
frame using four dimensionless variables,X3, X4, cosu3, and
c3, which are defined as follows:

~i! The Dalitz variablesX3 andX4:

Xj[
2Ej

m3J
. ~2!

~ii ! The cosine of the leading jet scattering angle,
-

e
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able

gies
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.
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est-

cosu3[
PW av•PW 3

uPW avuuPW 3u
, ~3!

where the average beam direction

PW av5PW 12PW 2 , ~4!

and particle 1 is the incoming interacting parton with th
highest energy in the laboratory frame.

~iii ! c3, defined in the three-jet rest-frame as the ang
between the three-jet plane and the plane containing
leading-jet and the average beam direction:

cosc3[
~PW 33PW av!•~PW 43PW 5!

uPW 33PW avuuPW 43PW 5u
. ~5!

To specify a system of three massive jets we must supp
ment the traditional three-jet variables with three addition
parameters that describe the single-jet masses. These pa
eters are taken to be the single-jet mass fractionsf 3, f 4, and
f 5, where

f j[
mj

m3J
. ~6!

Thus we have eight three-jet variables which consist ofm3J,
four parameters that specify the three-jet configuration~X3,
X4, cosu3, and c3!, and three variables that specify th
single-jet masses~f 3, f 4, and f 5!.

B. Four-jet and five-jet variables

A multijet system with more than three-jets can be pa
tially specified using the three-jet variables described abo
This is accomplished by first reducing the multijet system
a three-body system. A four-jet system is reduced to a thr
body system by combining the two-jets with the lowest tw
jet mass. The resulting three-body system can then be
scribed using the variablesm4J, X38, X48, cosu38, c38, f 38,
f 48, and f 58, where the primes remind us that two jets ha
been combined. A five-jet system is reduced to a three-bo
system by first combining the two-jets with the lowest two
jet mass to obtain a four-body system, and then combin
the two bodies with the lowest two-body mass to obtain
three-body system. The resulting three-body system can t
be described using the variablesm5J, X39, X49, cosu39, c39,
f 39, f 49, and f 59.
To complete the description of four-jet~five-jet! events

we must now specify a further four~eight! variables that
describe how the multijet system has been reduced to a th
body system. Consider first the step in which a four-bo
system is reduced to a three-body system. We label the
objects being combinedA andB with EA.EB , whereEA
andEB are energies in the four-body rest-frame. To descr
the (AB) system we use the following four variables.

~a! The normalized massesf A and f B :

f A[
mA

mNJ
and f B[

mB

mNJ
, ~7!

wheremNJ is the mass of the multijet system.
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~b! The two-body energy sharing variableXA , defined in
the multijet rest-frame as the fraction of the energy of t
(AB)-system taken byA:

XA[
EA

EA1EB
. ~8!

~c! The two-body angular variablecAB8 , defined in the
multijet rest-frame as the angle between~i! the plane con-
taining the (AB) system and the average beam direction, a
~ii ! the plane containingA andB. The prime reminds us tha
in order to definecAB8 we have combined two bodies to
obtain the (AB) system. Note that

coscAB8 [
~PW A3PW B!•~PW AB3PW av!

uPW A3PW BuuPW AB3PW avu
. ~9!

For five-jet events we must also specify the step in which
five-jet system is reduced to a four-body system. We la
the two jets that are combinedC andD with EC.ED , and
use the four variablesf C , f D , XC , andcCD9 .

In summary, a four-jet system is described using 12 va
ables:m4J, X38, X48, cosu38, c38, f 38, f 48, f 58, f A , f B , XA , and
cAB8 . A five-jet system is described using 16 variables:m5J,
X39, X49, cosu39, c39, f 39, f 49, f 59, f A8, f B8, XA8, cA8B8

9 , f C ,
f D , XC , and cCD9 . Note that following the convention of
Ref. @4# the primes indicate which parameters are defin
after one or two steps in which two objects have been co
bined.

V. RESULTS

The ~4N24! multijet variables described in the previou
sections provide a set of independent parameters that s
the multijet parameter space in the multijet rest frame. In
following the ~4N24! multijet distributions are compared
with QCD and phase-space model predictions. All distrib
tions are inclusive. If there are more thanN jets in an event,
theN highestET jets are used to define the multijet system
It should be noted that at fixed multijet mass theSET.420
GeV,DR>0.9, andET.20 GeV requirements place restric
tions on the available multijet parameter space. Con
quently, some regions of parameter space are depopul
due to a low experimental acceptance. These inefficient
gions can be largely avoided in the three-jet analysis by pl
ing suitable requirements on the multijet mass, leading
angle, and leading-jet Dalitz variable. In the following w
have required thatm3J.600 GeV/c2, ucosu3u,0.6, and
X3,0.9. These requirements select 1021 events with thr
or-more jets, of which 320 events have more than three j
Events entering the inclusive four-jet distributions are r
quired to havem4J.650 GeV/c2, ucosu38u,0.8, andX38,0.9.
These requirements select 1273 events with four-or-m
jets, of which 245 events have more than four jets. Only 2
events enter into both the inclusive three-jet and inclus
four-jet distributions. Note that the four-jet requirements r
duce, but do not completely eliminate, the regions of lo
experimental acceptance. A more restrictiveX38 requirement
could be used to remove events populating the remain
region of low acceptance, but would cost a large reduction
statistics. Given the limited statistics of the present d
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sample, we have chosen to tolerate some regions of low e
perimental acceptance and use the phase-space model pred
tions to understand which regions of parameter space a
affected. Finally, the inclusive five-jet data sample has very
limited statistics, and we have therefore chosen to apply onl
the requirementm5J.750 GeV/c2 to events entering the
five-jet distributions. This requirement selects 817 event
with five or more jets, of which 146 events have more than
five jets. Only 148 events enter into both the five-jet and
four-jet distributions, and only 42 events enter into both the
five-jet and three-jet distributions.

A. Multijet mass distributions

In Ref. @1# HERWIG and NJETS QCD calculations were
shown to give a good description of the shapes of the ob
served multijet mass distributions for exclusive samples o
high-mass multijet events. In Figs. 1~a!, 1~b!, and 1~c! both
the HERWIG and NJETS predictions are shown to give good
descriptions of the shapes of the inclusivem3J,m4J, andm5J
distributions for the high-mass multijet samples described in
this paper. Note that over the limited mass range of the
present data sample, to a good approximation themNJ distri-
butions are falling exponentially with increasing mass.

B. Three-body Dalitz distributions

We begin by considering the inclusive three-jet Dalitz dis-
tributions. Event populations in the (X3 ,X4)-plane are
shown in Fig. 2 for~a! data,~b! NJETS, ~c! HERWIG, and~d!
phase-space model predictions. The phase-space populat
is uniform over the kinematically allowed region. Neither the
data nor the QCD predictions exhibit large density variations
in the (X3 ,X4) plane in the region of interest~X3,0.9!, al-
though with the relatively high statistical precision of the
NJETSpredictions the tendency for the predicted event den
sity to increase asX4 becomes large is visible~note that as
X4→1 the third-to-leading jet Dalitz variableX5→0!. The
observedX3 distribution is compared with phase-space
model and QCD predictions in Fig. 3~a!. The corresponding

FIG. 1. Inclusive multijet mass distributions for toplogies with
~a! three jets,~b! four jets, and~c! five jets. Observed distributions
~points! are compared withHERWIG predictions ~triangles! and
NJETSpredictions~squares!.
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4226 54F. ABE et al.
comparisons for theX4 distribution are shown in Fig. 3~b!.
The HERWIG andNJETSpredictions give reasonable descrip
tions of the observed distributions. Note that the observ
distributions are not very different from the phase-spa
model predictions.

FIG. 2. Three-jet Dalitz distributions after imposing the requir
mentsm3J.600 GeV/c2, X3,0.9, anducosu3u,0.6, shown for~a!
data,~b! NJETS, ~c! HERWIG, and~d! the phase-space model.

FIG. 3. Inclusive three-jet Dalitz distributions for events th
satisfy the requirementsm3J.600 GeV/c2, X3,0.9, and
ucosu3u,0.6. Data~points! are compared withHERWIG predictions
~triangles!, NJETSpredictions~squares!, and phase-space model pre
dictions ~curves! for ~a! X3, and~b! X4.
-
ed
ce

We next consider the inclusive four-jet distributions
Event populations in the (X38,X48) plane are shown in Fig. 4
for ~a! data, ~b! NJETS, ~c! HERWIG, and ~d! phase-space
model predictions. The phase-space population is not un
form over the kinematically allowed region. Care must there
fore be taken in interpreting the distributions. The data an
the QCD predictions exhibit a more uniform event densit
over the (X38,X48) plane. The observedX38 distribution is
compared with phase-space model and QCD predictions
Fig. 5~a!. The corresponding comparisons for theX48 distri-
bution are shown in Fig. 5~b!. The HERWIG andNJETSpre-
dictions give reasonable descriptions of the observed dist
butions. Note that compared to the phase-space mod
predictions, the data and QCD predictions prefer topologie
with largeX38 and largeX48 ~note that asX38→1 the three-
body topology approaches a two-body configuration, and
X48→1 we haveX58→0!.

Finally, consider the inclusive five-jet distributions. Even
populations in the (X39,X49) plane are shown in Fig. 6 for
~a! data,~b! NJETS, ~c! HERWIG, and ~d! phase-space model
predictions. Again, the phase-space population is not un
form over the kinematically allowed region, and care mus
be taken in interpreting the distributions. The observed eve
population and the QCD predictions are more uniformly dis
tributed over the (X39,X49) plane. However, all distributions
are depleted asX39→1 andX49→1. The observedX39 distri-
bution is compared with phase-space model and QCD pr
dictions in Fig. 7~a!. The corresponding comparisons for the
X49 distribution are shown in Fig. 7~b!. The HERWIG and
NJETS predictions give reasonable descriptions of the ob
served distributions. Note that compared to the phase-spa
model predictions, the data and QCD predictions prefer to
pologies withX39→1 andX49→1.

C. Three-body angular distributions

We begin by considering the inclusive three-jet angula
distributions. Event populations in the~cosu3,c3! plane are
shown in Fig. 8 for~a! data,~b! NJETS, ~c! HERWIG, and~d!
phase-space model predictions. The phase-space popula

e-

at

-

FIG. 4. Inclusive four-jet Dalitz distributions for events that
satisfy the requirementsm4J.650 GeV/c2, X38,0.9, and
ucosu38u,0.8, shown for~a! data, ~b! NJETS, ~c! HERWIG, and ~d!
phase-space model predictions.
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FIG. 5. Dalitz distributions for inclusive four-jet toplogies tha
satisfy the requirementsm4J.650 GeV/c2, X38,0.9, and
ucosu38u,0.8. Data~points! are compared withHERWIG predictions
~triangles!, NJETSpredictions~squares!, and phase-space model pre
dictions ~curves! for ~a! X38, and~b! X48.

FIG. 6. Inclusive five-jet Dalitz distributions for events that sa
isfy the requirementm5J.750 GeV/c2, shown for ~a! data, ~b!
NJETS, ~c! HERWIG, and~d! phase-space model predictions.
t

-

t-

FIG. 7. Dalitz distributions for inclusive five-jet toplogies that
satisfy the requrementm5J.750 GeV/c2. Data ~points! are com-
pared with HERWIG predictions ~triangles!, NJETS predictions
~squares!, and phase-space model predictions~curves! for ~a! X39,
and ~b! X49.

FIG. 8. Inclusive three-jet angular distributions for events tha
satisfy the requirementsm3J.600 GeV/c2, X3,0.9, and
ucosu3u,0.6. Event populations in the~cosu3,c3! plane are shown
for ~a! data,~b! NJETS, ~c! HERWIG, and~d! phase-space model pre-
dictions.
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is approximately uniform. In contrast both the observed d
tribution and the QCD predictions exhibit large densi
variations over the~cosu3,c3! plane, with the event density
increasing asucosu3u→1 and c3→0 or p. The increase in
event rate asucosu3u→1 is similar to the behavior of the
leading-jet angular distribution resulting from the 2→2 LO
QCD matrix element. The increase in event rate asc3→0 or
p reflects the preference of the three-jet matrix element
topologies which are planar. It is interesting to note that
cosu3→1 theNJETScalculation shows a preference for con
figurations withc3→0 rather thanp and as cosu3→21 the
NJETScalculation shows a preference for configurations w
c3→p rather than 0. These preferred regions of the para
eter space correspond to configurations in which jet 5
closer to the beam direction, and therefore reflect the ini
state radiation pole in the matrix element. The observ
cosu3 distribution is compared with phase-space model a
QCD predictions in Fig. 9~a!. The corresponding compari
sons for thec3 distribution are shown in Fig. 9~b!. Both
HERWIG and NJETS predictions give reasonable description
of the observed distributions, which are very different fro
the phase-space model predictions. Note that the obse
cosu3 distribution is also very similar to the LO prediction
for qq̄→qq̄ scattering@13#.

FIG. 9. Inclusive three-jet angular distributions for events th
satisfy the requirementsm3J.600 GeV/c2, X3,0.9, and
ucosu3u,0.6. Data~points! are compared withHERWIG predictions
~triangles!, NJETSpredictions~squares!, and phase-space model pre
dictions ~curves! for ~a! cosu3 and ~b! c3. The broken curve in the
cosu3 figure is the LO QCD prediction forqq̄→qq̄ scattering.
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Next, consider the inclusive four-jet angular distributions
Event populations in the~cosu38,c38! plane are shown in Fig.
10 for ~a! data,~b! NJETS, ~c! HERWIG, and ~d! phase-space
model predictions. The phase-space population is appro
mately uniform. In contrast both the observed distributio
and the QCD predictions exhibit large density variation
over the~cosu38,c38! plane, with the event density increasing
as ucosu38u→1 andc38→0 or p. This behavior is similar to
the behavior of the corresponding three-jet distributions. Th
observed cosu38 distribution is compared with phase-space
model and QCD predictions in Fig. 11~a!. The corresponding
comparisons for thec38 distribution are shown in Fig. 11~b!.
Both HERWIG andNJETSpredictions give reasonable descrip-
tions of the observed distributions, which are very differen
from the phase-space model predictions. Note that the o
served cosu38 distribution is also very similar to the LO pre-
diction for qq̄→qq̄ scattering.

Finally, consider the inclusive five-jet angular distribu-
tions. Event populations in the~cosu39,c39! plane are shown
in Fig. 12 for~a! data,~b! NJETS, ~c! HERWIG, and~d! phase-
space model predictions. The phase-space population is
proximately uniform. However, both the observed distribu
tion and the QCD predictions exhibit large density variation
over the~cosu39,c39! plane, with the event density increasing
as ucosu39u→1 andc39→0 or p. This behavior is similar to
the behavior of the corresponding three-jet distributions. Th
observed cosu39 distribution is compared with phase-space
model and QCD predictions in Fig. 13~a!. The corresponding
comparisons for thec39 distribution are shown in Fig. 13~b!.
Both HERWIG andNJETSpredictions give reasonable descrip-
tions of the observed distributions, which are very differen
from the phase-space model predictions. Note that the o
served cosu39 distribution is also very similar to the LO pre-
diction forqq̄→qq̄ scattering even though there are now five
jets in the final state.

D. Single-body mass distributions for three-body systems

The single-jet mass fraction distributions are shown i
Fig. 14 for inclusive three-jet events. Thef j distributions are

at

-

FIG. 10. Inclusive four-jet angular distributions for events tha
satisfy the requirementsm4J.650 GeV/c2, X38,0.9, and
ucosu38u,0.8. Event populations in the (cosu38,c38) plane are shown
for ~a! data,~b! NJETS, ~c! HERWIG, and~d! phase-space model pre-
dictions.
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FIG. 11. Inclusive four-jet angular distributions for events th
satisfy the requirementsm4J.650 GeV/c2, X38,0.9, and
ucosu38u,0.8. Data~points! are compared withHERWIG predictions
~triangles!, NJETSpredictions~squares!, and phase-space model pre
dictions~curves! for ~a! cosu38 and~b! c38. The broken curve in the
cosu38 figure is the LO QCD prediction forqq̄→qq̄ scattering.

FIG. 12. Inclusive five-jet angular distributions for events th
satisfy the requirementm5J.750 GeV/c2. Event populations in the
~cosu39,c39! plane are shown for~a! data,~b! NJETS, ~c! HERWIG,
and ~d! phase-space model predictions.
reasonably well described by theHERWIG Monte Carlo pre-
dictions, although there is a tendency for theHERWIG frag-
mentation model to slightly overestimate the fraction of low
mass jets. The observed distributions peak atf j;0.05 or
less. Hence, for many purposes, jets at high energy can
considered to be massless. Note that since jets are mass
in the matrix element calculations, there are noNJETSpredic-
tions for thef j distributions.

The f j 8 and f j 9 distributions are shown for inclusive four-
jet and inclusive five-jet events in Figs. 15 and 16 respe
tively. These distributions exhibit a single-jet peak at low
mass fractions~less than 0.05!, and have a long tail associ-
ated with two-jetj 8 systems, and two-jet or three-jetj 9 sys-
tems. TheHERWIG predictions give a good description of all
the distributions except perhaps at very low mass fraction
~less than 0.05! where there is tendency to overestimate th
observed jet rate. Although theNJETS calculations do not
provide predictions for the single-jet part of thef j 8 and f j 9
distributions, they are seen to correctly predict the tail ass
ciated with multijetj 8 and j 9 systems.

E. Two-body energy sharing distributions

The observedXA distribution is shown in Figs. 17~a! and
17~b! to be reasonably well described by theHERWIG and
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FIG. 13. Inclusive five-jet angular distributions for events tha
satisfy the requirementm5J.750 GeV/c2. Data ~points! are com-
pared with HERWIG predictions ~triangles!, NJETS predictions
~squares!, and phase-space model predictions~curves! for ~a!
cosu39 and~b! c39. The broken curve in the cosc39 figure is the LO
QCD prediction forqq̄→qq̄ scattering.
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NJETSpredictions. The data and the QCD predictions favo
more asymmetric sharing of energy between the two jetsA
andB than predicted by the phase-space model. This refle
the presence of the soft gluon radiation pole in the QC
matrix element. In Figs. 17~c! and 17~d! theXA8 distributions
are shown to be qualitatively similar to the correspondingXA

distributions, and also similar to the correspondingXC dis-
tributions shown in Figs. 17~e! and 17~f!. In general the data
are reasonably well described by the QCD predictions a
are very different from the phase-space model prediction

FIG. 14. Single-jet mass fraction distributions for inclusiv
three-jet events. Data~points! compared withHERWIG predictions
~triangles!, shown for ~a! the highest energy jet in the three-je
rest-frame,~b! the second-to-highest energy jet, and~c! the third-
to-highest energy jet.

FIG. 15. Single-body mass fraction distributions for inclusiv
four-jet events. Data~points! compared withHERWIG predictions
~triangles!, and NJETS predictions~histograms!, shown for ~a! the
highest energy body in the three-body rest-frame,~b! the second-
to-highest energy body, and~c! the third-to-highest energy body.
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F. Two-body angular distributions

The observedcAB8 distribution is shown in Figs. 18~a! and
18~b! to be well described by theHERWIG andNJETSpredic-
tions. The phase-space model prediction is also approx
mately uniform, but underestimates the fraction of events
which the plane of the two-body system is close to the plan

e

t

e

FIG. 16. Single-body mass fraction distributions for inclusive
five-jet events. Data~points! compared withHERWIG predictions
~triangles!, and NJETS predictions~histograms!, shown for ~a! the
highest energy body in the three-body rest-frame,~b! the second-
to-highest energy body, and~c! the third-to-highest energy body.

FIG. 17. The two-body energy sharing distributions for inclu-
sive four-jet and five-jet events. Data~points! are compared with
HERWIG predictions ~triangles!, NJETS predictions ~squares!, and
phase-space predictions~curves! for ~a! XA, ~b! XA after dividing by
the phase-space model predictions,~c! XA8, ~d! XA8 after dividing
by the phase-space model predictions, and~e! XC, and~f! XC after
dividing by the phase-space model predictions.
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FIG. 18. Two-body angular distributions for inclusive four-je
and five-jet events. Data~points! are compared withHERWIG pre-
dictions ~triangles!, NJETS predictions~squares!, and phase-space
predictions ~curves! for ~a! cAB8 , ~b! cAB8 after dividing by the
phase-space model predictions,~c! cA8B8

9 , ~d! cA8B8
9 after dividing

by the phase-space model predictions, and~e! cCD9 , and ~f! cCD9
after dividing by the phase-space model predictions.

FIG. 19. Single-body mass fraction distributions for two-bod
systems in inclusive four-jet and five-jet events. Data~points! are
compared withHERWIG predictions~triangles!, and NJETS predic-
tions ~histograms! for ~a! f A, ~b! f B, ~c! f A8, ~d! f B8, ~e! f C, and~f!
f D.
containing the two-body system and the beam directi
~cAB8 →0 or p!. In Figs. 18~c! and 18~d! thecA8B8

9 distribu-
tions are shown to be qualitively similar to the correspondi
cAB8 distributions. ThecCD9 distributions shown in Figs.
18~e! and 18~f! are similar to the phase-space model pred
tions. In all cases the data are well described by the Q
predictions. None of the observed distributions are very d
ferent from the phase-space model predictions, although
phase-space model calculation does underestimate the e
rate ascAB8 →0 or p, or ascA8B8

9 →0 or p.

G. Single-body mass distributions for two-body systems

The observedf A , f B , f A8, f B8, f C , and f D distributions
are shown in Figs. 19~a!, 19~b!, 19~c!, 19~d!, 19~e!, and 19~f!

t

y

TABLE I. Statistical comparison of agreement between o
served and predicted distributions. Thex2 per degree of freedom are
listed for comparisons of the various observed and QCD predic
distributions shown in the figures.

Variable NDF NJETSdata HERWIG data NJETS HERWIG

m3J 6 1.55 1.10 0.45
X3 8 0.15 1.56 2.35
X4 6 2.03 3.27 3.41
cosu3 11 1.13 0.74 1.29
c3 14 0.79 1.71 2.62
f 3 9 — 2.92 —
f 4 9 — 8.21 —
f 5 6 — 0.30 —

m4J 6 0.98 1.14 0.29
X38 7 1.37 1.00 1.61
X48 6 0.85 0.41 1.79
cosu38 15 1.27 2.28 1.98
c38 14 1.35 2.19 1.96
XA 8 3.08 1.03 2.09
cAB8 7 1.35 1.87 1.54
f 38 11 — 3.18 —
f 48 8 — 3.74 —
f 58 8 — 1.90 —
f A 13 — 2.20 —
f B 11 — 4.07 —

m5J 8 0.86 1.24 1.79
X39 7 0.98 0.80 1.28
X49 6 1.02 1.72 0.74
cosu39 7 0.61 3.19 6.20
c39 7 0.68 1.85 2.11
XA8 7 2.80 2.02 1.38

cA8B8
9 7 1.16 1.11 0.29

XC 7 1.64 0.58 1.42
cCD9 7 1.09 1.27 0.17
f 39 12 — 4.11 —
f 49 8 — 5.66 —
f 59 8 — 2.82 —
f C 10 — 1.30 —
f D 7 — 5.95 —
f A8 12 — 3.74 —
f B8 12 — 1.57 —
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respectively to be reasonably well described by theHERWIG

predictions although there is a tendency for theHERWIG pre-
dictions to overestimate the jet rate at very small single-
masses. In all cases the distributions exhibit a single-jet m
peak at small mass fractions~;0.02 or less!. The f A8 and f B8
have a long high-mass tail which corresponds to two-jetA8
and B8 systems. This tail is well described by theNJETS
predictions.

H. x2 test

In general bothNJETSandHERWIG predictions give a good
first description of the observed multijet distributions, whic
correspond to~4N24! variables that span theN-body pa-
rameter space. A more quantitative assessment can be m
by examining thex2 per degree of freedom that characteriz
the agreement between the observed distributions and
QCD predictions. Thex2 are listed for each distribution in
Table I. The computedx2’s take into account statistical un
certainties on both measured points and the QCD Mo
Carlo predictions, but do not take into account systema
uncertainties. In Ref.@1# the systematic uncertainties wer
mapped out for a limited set of multijet distributions, an
found to be small compared to statistical uncertainties. U
fortunately, for the more complicated multijet paramet
space of the present analysis, limited computing resource
not allow us to fully map out the systematic uncertainties
the predictions. However, even in the absence of a full eva
ation of the systematic uncertainties, an examination
Table I shows thatNJETS provides a reasonable descriptio
of all of the observed multijet distributions except perha
theXA distribution. The combinedx2 for the NJETSdescrip-
tion of all of the three-jet distributionsx2/NDF51.03 ~45 de-
grees of freedom!. The corresponding result for the four-je
distributions isx2/NDF51.47 ~63 degrees of freedom! if the
XA distribution is included in the comparison, an
x2/NDF51.24 ~55 degrees of freedom! if the XA distribution
is not included. The result for the combined five-jet distrib
tions isx2/NDF51.21~63 degrees of freedom!. The observed
distributions are described less well by theHERWIG parton
shower Monte Carlo predictions, for which theX4, cosu38,
c38, and cosu39 distributions havex2’s significantly poorer
than those for the correspondingNJETSpredictions. Restrict-
ing the comparison to those distributions predicted by bo
theNJETSandHERWIG calculations~i.e., all distributions ex-
cept the single-body mass fraction distributions! we find the
overallx2 per degree of freedom for theHERWIG comparison
of the combined three-jet distributions isx2/NDF51.58 ~45
jet
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degrees of freedom!, for the combined four-jet distributions
x2/NDF51.63~63 degrees of freedom!, and for the combined
five-jet distributionsx2/NDF51.52 ~63 degrees of freedom!.

VI. CONCLUSIONS

The properties of high-mass three-jet, four-jet, and five-je
events produced at the Fermilab Tevatron proton-antiproto
collider have been compared withNJETS LO QCD matrix
element predictions,HERWIG QCD parton shower Monte
Carlo predictions, and predictions from a model in which
events are distributed uniformly over the available multibod
phase-space. The phase-space model is unable to desc
the shapes of multijet distributions in regions of paramete
space where the QCD calculations predict large contribution
from initial- and final-state gluon radiation. In contrast, the
QCD predictions give a good first description of the ob
served multijet distributions, which correspond to~4N24!
variables that span theN-body parameter space. A more
quantitative assessment based on thex2 per degree of free-
dom that characterizes the agreement between the obser
distributions and the QCD predictions shows thatNJETS

gives a good description of all the distributions except pe
haps theXA distribution for four-jet events. TheNJETSpre-
dictions seem to give a better description of the observe
distributions than theHERWIG predictions. This is particu-
larly true of theX4, cosu38, c38, and cosu39 distributions.
Finally, we do not see clear evidence for any deviation from
the predicted multijet distributions that might indicate new
phenomena associated with the presence of many hard p
tons in the final state. The general agreement between da
NJETS, andHERWIG suggests that 2→2 scattering plus gluon
radiation provides a good first approximation to the full LO
QCD matrix element for events with three, four, or even five
jets in the final state.

ACKNOWLEDGMENTS

We thank the Fermilab Accelerator Division and the tech
nical and support staff of our respective institutions. Thi
work was supported by the U.S. Department of Energy, th
U.S. National Science Foundation, the Istituto Nazionale d
Fisica Nucleare of Italy, the Ministry of Science, Culture and
Education of Japan, the Natural Sciences and Engineeri
Research Council of Canada, and the A. P. Sloan Found
tion.
@1# CDF Collaboration, F. Abeet al., Phys. Rev. Lett.75, 608
~1995!.

@2# F. A. Berends, W. Giele, and H. Kuijf, Nucl. Phys.B333, 120
~1990!; Phys. Lett. B232, 266 ~1990!; F. A. Berends and H.
Kuijf, Nucl. Phys.B353, 59 ~1991!.

@3# G. Marchesini, B. R. Webber, G. Abbiend, I. G. Knowles, M
H. Seymour, and L. Stance, Comput. Phys. Commun.67, 465
~1995!.

@4# S. Geer and T. Asakawa, Phys. Rev. D53, 4793~1996!.
.

@5# CFD Collaboration, F. Abeet al., Nucl. Instrum. Methods
A271, 387 ~1988!.

@6# CDF Collaboration, F. Abeet al., Phys. Rev. D45, 1448
~1992!.

@7# CDF Collaboration, F. Abeet al., Phys. Rev. D45, 2249
~1992!.

@8# H. L. Lai et al., Phys. Rev. D51, 4763~1995!.
@9# A. D. Martin, R. G. Roberts, and W. J. Stirling, Phys. Lett. B

306, 145 ~1993!.



54 4233FURTHER PROPERTIES OF HIGH-MASS MULTIJET . . .
@10# CERN Program Library Manual 1989.10.03, Routine W515,
6.503.

@11# UA1 Collaboration, G. Arnisonet al., Phys. Lett.158B, 494
~1985!.
p.@12# D0 Collaboration, S. Abachiet al., Phys. Rev. D53, 6000
~1996!.

@13# B. L. Combridge, J. Kripfganz, and J. Ranft, Phys. Lett.70B,
234 ~1977!.


