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Abstract. We consider the reactions e+e-~3~*-*4 
jets and Z ~ -* 4 jets with the 4 jets coming in two pairs 
of essentially back to back jets of high and low energy. 
We calculate the angular distribution of the low energy 
jet axis with respect to the high energy jet axis in QCD, 
in an abelian gluon model "QED" and a phase space 
model (PS). Using simple helicity arguments we show 
that our angular distribution is very sensitive to the 
triple gluon coupling in QCD. This is then confirmed 
by a complete calculation. Our correlation offers, 
therefore, a direct test for QCD as a non-abelian gauge 
theory. 

1) Introduction 

Quantumchromodynamics (QCD) is widely believed 
to be the correct field theory of strong interactions. 
But to date some important l~atures of this theory 
remain untested experimentally. Consider the basic 
particles of QCD: quarks and gluons. Have all their 
properties, i.e. their quantum numbers and couplings, 
been established by experiments ? Even if quarks and 
gluons are not known as free particles, all the basic 
properties of the quarks are well established. We have 
good experimental evidence for their spin, flavour and 
color charges. Let us remember just one example. At 
c.m. energiesx/s > 7 GeV a two-jet behaviour is observ- 
ed in e+e--annihilation into hadrons [1,2]. This is 
interpreted as production of a quark-antiquark pair 
which fragments into hadrons. Information on the spin 
of the quarks is contained in the angular distribution 
of the jet axis with respect to the e + e--beam axis. The 
observation of a (1 + cos 2 0) behaviour for this jet axis 
is clear and convincing evidence that quarks have spin 
1/2. Also the coupling of quarks to gluons can be 
considered as established, for instance by the observa- 
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tion and detailed ana/ysis of 3-jet events in e + e-- 
annihilation in the continuum [3]. 

The basic properties of gluons are much less well 
tested experimentally. There is evidence that gluons 
have spin 1 from scaling violations in deep inelastic 
scattering (for a recent experimental analysis cf. e.g. 
[4], for a review cf. [5]), from F-decays [6] and from 
three-jet events in e + e -annihilationin the continuum 
[3, 7]. The fact that the F-particle does not decay 
predominantly into two jets can be taken as evidence 
that the gluons carry some internal quantum number 
like color [8]. If they carry color, gluons must act as 
their own source in QCD, they must have a setfcou- 
piing. To lowest order this is represented by the triple 
gl~lon vertex. Great theoretical effort has been devoted 
to devise tests for the existence of the triple gluon 
vertex which is characteristic for the non-abelian 
nature of QCD. Such tests have been proposed for 
heavy quarkonium decays [9], for hadron-hadron 
reactions giving high Pr particles [10], for lepton- 
nucleon scattering [11] and for e + e- -annihilation into 
hadrons [12, 13]. Many of the proposed tests involve 
rather difficult experiments. In any case, such an 
important feature of QCD as the triple gluon vertex 
should be tested in a variety of independent reactions. 

In this paper we propose a new test for the triple 
gluon vertex in the following reactions: electron 
positron annihilation into four hadronjets via a virtual 
photon 7" and Z~ decay into 4 jets. 

e + + e -  ~ 7 " ~ 4  jets (1.1) 

Z ~  jets (1.2) 

We have in mind experiments at highest PETRA or 
PEP energies and at LEP energies, where Z~ 
should be produced abundantly. Experimental evi- 
dence for the existence of 4-jet events at PETRA 
energies has already been presented [143. 

In QCD two types of patton final states contribute 
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to the reactions (1.1) and (1.2), quark-gluon states and 
pure quark states: 

y*,Z~ ~ q  + q + G+ G (1.3) 

?*,Z~ ~ q  + q + q + q (1.4) 

At present it seems difficult to identify quark and gluon 
jets event by event. Therefore, We looked for a test of 
the triple gluon vertex which does not require jet 
identification. We assume, however, that experimenta- 
lists are able to reconstruct the original parton mo- 
menta from the observed hadron distributions using 
some cluster algorithm [153. Therefore, we present 
distributions calculated at the parton level and ignore 
hadronization. 

Our work is organized as follows. In Sect. 2 we 
explain the principle of our test using simple helicity 
and angular momentum arguments. We also give 
analytic expressions for a limiting case. In Sect. 3 we 
present the complete results of our calculation for 
e § e--annihilation via a virtual photon in numerical 
form. To test the sensitivity of our correlations to the 
dynamics of QCD, we compare the QCD prediction 
to the prediction of an abelian gluon model "QED" 
as introduced in [163 and to a modelwhere  four jets 
are generated with a phase space distribution (PS- 
model). In Sect. 4 we discuss the decay of the Z~ 
into four jets. In Sect. 5 we present our conclusions. 

Throughout this paper we will work to leading order 
in the strong coupling constant G and set quark masses 
to zero. At LEP energies this latter approximation 
should be reasonable for all quarks except for the top 
quark (if it exists). Events involving top quark produc- 
tion and fragmentation will presumably be identifiable 
by their topology. 

2) The Principle of  Our Test 

Consider electron-positron annihilation into hadrons 
via a virtual photon 

e + + e- --, 7* --, hadrons (2.1) 

The analysis of the 3-jet events [3,7] tells us that 
quarks can emit a vector particle, a gluon, in a 
bremsstrahlung type process (Fig. 1). Taking this f o r  
granted, it is clear that we expect the occurrence of 
4-jet events. We can, for instance, make the gluon in 
Fig. 1 virtual and let it decay into a quark-ant iquark 
pair (Fig. 2a), or we can emit two gluons from the 
original quark line (Fig. 2b). These processes involve 
only the same vertex as the 3-jet events (Fig. 1). In 
QCD a new vertex arises where a virtual gluon splits 
into two gluons (Fig. 2c). The aim is to establish the 
existence of this latter type of diagram. 

For a general 4-jet event we label the momenta as 
follows, working in the c.m. system. 

e-(k) + e +(k ') --* jet (pl) +jet(p2) 

+ jet (P3) + jet (P4) (2.2) 

S = (k 4- k ' )  2 = (P l  q- P2 q- P3 q- P4) 2 
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Fig. 1. Lowest order diagrams for the reaction e + e- -~},*--3 jets 
in QCD 
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Fig. 2a c. Examples for the three types of diagrams in Q C D  
leading to four jets in e § e--annihilation. Splitting of a virtual gluon 
G* into a qua rk -an i tqua rk  pair a. Emission of two gluons from a 
quark line b. Splitting of a virtual gluon G* into two gluons c. The 
complete list of diagrams is shown for instance in [ 173. The meaning 
of the numbers  (1)-(4) is explained in the text 

I pil : G (i = 1, 2, 3, 4) 

E 1 _>_ E 2 > E 3 ~ E 4 (2.3) 

We will always refer to the most energetic jet as jet 1, 
to the second most energetic as jet 2, and so on. 

To find a clear signal for the triple gluon vertex, we 
will consider very simple 4-jet events consisting of two 
back to back jets of high energy and two back to back 
jets of much lower energy. 

Pl +P2 = 0  
P3 + P4 = 0 (2.4) 

E 1 = E 2 >~ E 3 : E 4 

We show this in Fig. 3 where we also indicate the 
relevant angles which we will use. 

k'pt 
cos01 = [kllpll 

COS 013 - Pl"P3 (2.5) 
[PllIP3[ 

Since we assume unidentified jets, the kinematic 
angular range is given by 

0 -<_ 0t <= ~r/2 
0 =< 013 =< ~z/2 (2.6) 

To avoid infrared and collinear singularities, we have 
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Fig. 3. A four-jet event consisting of two pairs of back to back jets 
of high and low energy, respectively 

e -  e + 

q(2)  - -  ,." Q ; .  - -  q(1) 

G"  

Fig. 4. An allowed helicity configuration in the reaction e + e-  
?*--*q(1)+~(2)+G* with p~ and P2 in the beam direction. We 
indicate helicities and angular momenta by double arrows. For 
helicity zero we use the symbol 

to stay away from 013 = 0  and E 3 = 0. Details on our 
cuts will be given in the next section. 

We claim that the distribution in the angle 0t 3 which 
is the angle between the axis of the high energy jets 1 
and 2 and the low energy jets 3 and 4 is very sensitive 
to the presence of the triple gluon coupling. To make 
the argument simple, let us, in this section, make an 
expansion in powers of E 3 / E  ~ and keep only the 
leading term. The first observation is that in this 
leading order the high energy jets 1 and 2 are always 
formed by the originally produced q~-pair. This is 
understandable since the multi-jet production is a 
bremsstrahlung type process. The low energy jets (3 
and 4) must then come from the secondarily produced 
quark-antiquark pair or from the two gluons. In the 
diagrams of Fig. 2 we can, therefore, identify the jets 
1-4 with quarks and gluons as indicated by the 
numbers (1)-(4). Of course, the permutations 1,-,2, 
and 3 ~ 4 give equally leading configurations. 

Let us concentrate next on the diagrams of the type 
shown in Figs. 2a and 2c, where we choose to work 
in the Landau gauge. For our 4-jet configurations the 
virtual gluon G* decays at rest in the overall c.m. 
system, in Fig. 2a into two spin 1/2 particles, in Fig. 2c 
into two massless vector particles. Our idea is to look 
for a distribution showing clearly the different helicities 
of the decay products of the virtual gluon G*. 

What can we say on the spin state of our virtual 
gluon? We find the virtual gluon G* to have in leading 
order in E 3 / E  1 always helicity 0 with respect to the 
direction of the high energy jets 1 and 2. If the jets 1 
and 2 are produced in the beam direction, helicity 0 
for the gluon G* is even dictated by angular momen- 
tum conservation and 75-invariance. To see this we 
note that 75-invariance in massless QED requires the 
virtual photon 7* to have angular momentum Jz = _+ 1 
where we take the direction of the electron momentum 
as positive z-axis (Fig. 4). 

In massless QCD, 75-invariance holds as well. 
Therefore the helicities of the high energy quark-  
antiquark pair (I and 2 in Fig. 2) must be opposite 
and this qc]-pair carries _+ 1 unit of angular momentum 
with respect to its direction of flight. If the jets 1 and 
2 are produced in the beam direction, angular 
momentum conservation requires the virtual gluon G* 
in the diagrams Fig. 2a and 2c to have J~ = 0 or + 2. 
Since J~ = +_ 2 is excluded for a vector particle, the 
gluon G* must have J~ = 0 in this case (Fig. 4). 

For other directions of the jets 1 and 2 helicity zero 

: = ~  "- u -" ==~ 

~1(2) i q0) 

a l l owed  
(a) 

~(2) G" qO) 

~(4)  q(3)  

fo rb idden  
(b) 

Fig. 5a and b. Allowed a and forbidden b four-jet configurations 
for the final state q(1)~(2)q(3)O(4) from the diagrams of type Fig. 2a 

for the gluon G* holds only in leading order in E 3 / E  I. 
This can be understood since for a gluon G* with 
energy 2E 3 ~ E 1 the virtual quark in Figs. 2a and 2c 
is essentially on shell. This implies that only the 
component of the virtual photon 7* with angular 
momentum _+ 1 in the direction of jets 1 and 2 couples 
in leading order in E 3 / E  1 . Now the argument continues 
as before. Let us also note that in elementary quantum 
mechanics we learn that a vector particle like our gluon 
G* with helicity zero in one direction has only helicity 
components + 1 in any orthogonal direction. 

Next we turn to the decay of the virtual gluon G* 
which in Fig. 2a goes to a massless q~/-pair forming 
jets 3 and 4. The same 75-invariance argument as 
before, but now applied to G* ~ q(3) + c~(4), says that 
this c a n n o t  happen for jets 3 and 4 in the direction 
of the jets 1 and 2, but is allowed for jets 3 and 4 
orthogonal to jets 1 and 2 (Fig. 5). If the virtual 
gluon G* decays into two real gluons which must have 
helicity _+ 1, the situation is just the reverse ! The two 
gluons can only give angular momentum 0 and _+ 2 
with respect to their direction of flight. Therefore, they 
can easily be emitted in the direction of jets I and 2 
(Fig. 6a). But with respect to any direction orthogonal 
to jets 1 and 2 the virtual gluon G* has only angular 
momentum components -+_ 1 and thus cannot emit 2 
gluons in this direction (Fig. 6b). To summarize, we 
expect the following distributions in the angle 0t3 
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forbidden 
lb) 

Fig. 6a and b. Allowed a and forbidden b four-jet configurations 
for the final state q(1)ft(2)G(3)G(4) from the diagrams of type 
Fig. 2c involving the triple gluon vertex 

(Fig. 3) from the diagrams Figs. 2a and 2c. 

da for the final state qqqq 
- -  0C1 -- COS2 013 
d cos 023 (diagrams of type Fig. 2a) 

(2.7) 

d~ for the final state qf!GG 
~ 0"13 

dcOSOl3 from diagrams of type Fig. 2c 
(2.8) 

We would, therefore, expect the distribution in the 
angle 023 to tell us clearly if the produced jets 3 and 
4 carry predominantly helicity __ 1/2 or +_ 1. 

Of course, in reality life is more complicated due to 
the double bremsstrahlung type diagrams Fig. 2b 
which interfer with the diagrams containing the triple 
gluon vertex (Fig. 2c). But it is easy to calculate 
analytically the distributions for our 4-jet configura- 
tions in leading order in E3/E 1. We find for Q C D  with 
f massless quark flavor~ the following result: 

1 
~oda(e+ e- ~jet(pl)  +jet(pz) +jet(P3) +jet(p4)) 

= dxldxzdf21df22df23(1 + cos2 0~) (2.9) 

.2  / E  \ 4  
" ( ~ ) 5 \ ~ 3 / ]  sin4013 QCDk 131~ 

where 

2Ei. i = 1,2 
X i -- ~ 

0 =< xi = 1 (2.10) 

4n c~ 2 f 
a o -  ~ Q2 (2.11) 

S ' j = l  
(0) = ~ _1_ 21COS 2 013 FQCD(013) 

.(13 _ 6c0s2 013 + cos4 ~13) + f(1 - cos20a3) 3 (2.12) 

18 f \ \ \ \  

1.6 F \\  

1l.[ \\ QCD 

1.2 " x  ~ \\x 
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0.2 \\ 
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Fig. 7. The normalized functions P(~ for QCD (2.13) and for 
the abelian gluon model "QED" (2.17) taking always five massless 
quark flavors (f = 5). The curve for the phase space model (PS) 
(2.19) is also shown 

Here ~'~1,2,3 are the solid angles of the jet momenta  
Pl, Pz, P3, Q2 is the charge of the j ' th quark flavor and 
a o is the zero order cross section for e + e--annihilation 

~(0) 013) into hadrons. The term in rQCD( proportional 
to the number of quark favors  f is the contribution 
from the qflqq final states, the remaining terms come 
from the qflGG final states. The contribution from the 
qOqgl final states (diagrams of type Fig. 2a) shows a 
(1 - c o s  2 013) 3 behaviour consistent with (2.7) taking 
into account the explicit factor 1/sin 4 013 in (2.9). This 
latter factor is typical for the double bremsstrahlung 
diagrams (Fig. 2b) which are also responsible for the 
more complicated form of the contribution from q c~ G G 
final states in (2.12) compared to the naive expectation 
(2.8). But the fact that the diagrams with the triple 
gluon coupling (Fig. 2c) cannot contribute when the 
high and low energy jets are emitted at right angles 
to each other leads to a pronounced minimum of the 
function F~C)D(913) for any realistic number of 
flavors f.  This we show in Fig. 7 where we took f = 5 
and plotted the normalized function 

i f (0 )  0 1 3 ) =  1 F (~ r ( QCD, ~ QCDk 131 
' QCD 

(2.13) 

1 
N(O) = F~O) QCD ~ d(cos 013) QCD(013 ) 

0 
1496 = 315 + ~ 0 5 f  (2.14) 

_~ 4.75 + 0.08-f 

To check the sensitivity of our correlation to the 
dynamics of Q C D  we give now the cross section for 
our 4-jet events calculated in the abelian gluon model 
"QED"  as introduced in [16]. In this model the gluon 
carries no color and has no selfcoupling. Therefore 
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only d iagrams of the type shown in Figs. 2a and 2b 
survive. The  resulting cross section has the same 
s t ructure  as shown in (2.9) with the following replace- 
ments  

~s ~ C~A =~ct s (2.15) 
F&oC)D(013)__. t7(o) (013) = 4 + 3 f (1  - cos 2 013) 3 (2.16) I Q E D  x 

Here ~A is the coupl ing strength of the abel ian gluon 
model  normal ized to give the same rate of three-jet 
events as Q C D .  In F~OE)D (2.16) the q~tGG final states (the 
d iagrams of Fig. 2b) give a constant  contr ibut ion,  the 
qgtq?l final states (the d iagrams of  Fig. 2a) give the te rm 
propor t iona l  to f with a behav iour  as expected f rom 
(2.7). In Fig. 7 we show the resulting normalized 
function e~o) ( 0 1 )  defined in analogy to (2.13). r QED ", 3 

/~(o) 013) 1 F(O) r ~ (2.17) Q E ~ (  - -  Aj(O) QED~ 131 
' QED 

1 
N(O) QD = j d(cos F ~~ ~ 1 3 )  Q E D ( 0 1 3 )  

0 

= 4 + ~52f (2.18) 

Final ly  we discuss a phase space (PS) model  for 4 jets. 
Here  the cross section should show no dependence on 
cos ,913, therefore we have for the normal ized function 

F p s ( , 9 1 3 )  = ~-(1 - cos 2 ,913) 2 (2.19) 

This is also shown in Fig. 7. 
As we see f rom Fig. 7, our  correlat ion shows a clear 

difference between the Q C D  case and  the " Q E D "  and 
phase  space model.  As discussed at the beginning of 
this section (cf. (2.7), (2.8)), the rising curve for Q C D  
can be interpreted as direct evidence for a virtual g h o n  
decaying to two "real" ghons .  We note that  we must  
stay away f rom cos ,913 = 1 where per turba t ion  theory 
breaks down due to collinear divergences. But even 
excluding the very forward direction, the different 
behaviour  of the Q C D ,  "QED" ,  and  PS curves in 
Fig. 7 should be clearly observable.  For  the 4-jet 
configurat ion Fig. 3 of  two pairs of  exactly back  to 
back  jets we have also calculated the next te rm in the 
expansion of the cross section in powers  of  E3/E 1. The 
result is simple if we integrate over  all or ientat ions of  
the final state relative to the direction of the e + e -  
beams. We obta in  

1 
- -d t r (e  + e -  --+ 4 jets) = d x  1 d x  2 d O  2 d(cos 013) 
60 

�9 4 # ( 17 1 
(2rc)3\E3// sin'* 013 

(--(0) ,91 ) + E3 2 

where _roc Dw(0) ,(013 ) is as in (2,12) and  

F o L  0 1 3 ) = ~ +  Q~( ~cos 2 013 
�9 (161 - 12cos 2 013 - 9cos 4 013) 

( 2 1 2 0 )  

^1 F (q3) 
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Fig. 8. The normalized functions P'(Ola) (2.23) corresponding to the 
next to leading order result in E3/E 1 for E3/E 1 = 1/4. The curves are 
shown for QCD and the "QED" model 

5 2 1 1 
For  the abelian model  " Q E D "  we have again to make  
the replacements  (2.15) and (2.16) and in addit ion 

Qcot,"13~ OED~"131 = ~ - +  ~COS2 013 
�9 (38 - 3cos 2 013) 

+ [ (~6"f 'cos  2 013 + 1)(1 - cos 2 013) 2] (2.22) 

Note  that  the pure  q u a r k - a n t i q u a r k  final states con- 
tr ibute the terms in square brackets  in (2.21) and  (2.22) 
which are no longer  s imply propor t iona l  to the n u m b e r  
of  flavors f .  

In Fig. 8 we show the normal ized distributions in 
cos013 for E3/E 1 = 1/4 for Q C D  and " Q E D "  

1 0 
f f ' ( 0 1 3  ) = ~7(F  t )(013) + �88 

1 

N'  = ~ d(cos 013)(?~ + �88 (2.23) 
0 

Compar ing  with Fig. 7 we see that  inclusion of the 
next order  in E3/E 1 makes  little difference. 

In  this section we have only dealt  with the general 
idea of  our  test and the results to leading and next to 
leading order  in E3/E 1. In the next section we present  
the result of the complete  calculation for e + e - -  
annihi lat ion for a realistic choice of  cuts in energies 
and angles. 

3) Results for the Reaction e + e -  ~ V * - ,  4 Jets 

For  a compar i son  with real data  the results for two 
pairs of  exactly back  to back  jets (Fig. 3) presented in 
section 2 are not  sufficient. We have to allow configura- 
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P3 36 

orentz 30 
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24 

I Pz 18 

{el ( b} 
12 

F i g .  9 .  a A four-jet event consisting of two pairs of almost back 
to back jets of high energy and low energy in the c.m. system. B 
b The same event in the rest system of the low energy jets. The 
angle 0 (3.7) is indicated 0 

tions of the four jets where the jet  m o m e n t a  are not  
exactly back  to back. 

To define a suitable four-jet sample  we first label 
the jets according to energy (2.3). Next  we select 
four-jet events consisting of two a lmost  back  to back  
jets of high energy and two a lmost  back  to back  jets 
of  lower energy by requiring 

E 3 1 
- -  < e = - ( 3 . 1 )  
E 2 3 

With a small value of e we select events where jets 1 
and  2 are almost  back  to back, since clearly for e ~ 0 
we approach  a two-jet event. To  avoid, however,  the 
two- and three-jet region where the infrared divergen- 
ces show up, we require that  the invariant  mass  of the 
two low energy jets exceeds a given value M c 

(P3 + P4) 2 > M~ = 0.04.s (3.2) 

For  x / s  = 40 GeV this gives M e = 8 GeV. Finally we 
have to avoid singular configurations due to collinear 
jet momenta .  This we do by requiring the angles 
between any two jets to be bigger than some minimal  
angle 0m~ . which we choose as 25 ~ 

Pi'P~ (i,j = 1 . . . . .  4) (3.3) 
c~ 0i5 - IP~] IPsI 

01j > 0mi. = 25~ (3.4) 

This is a limit below which an experimental  resolution 
of two jets seems impossible anyhow. A typical event 
surviving our  cuts is shown in Fig. 9a in the c.m. 
system. 

We have now various possibilities to define an angle 
0 which reduces to 0a3 in the ideal back  to back  
configurat ion (Fig. 3). We choose the following pro-  
cedure. We per form for every accepted event  a Loren tz  
t ransformat ion  A into the rest system of the two low 
energy jets 

�9 : A ~ p ~  p,U " " ( i = 1 , . . . , 4 )  (3.5) 

This is shown in Fig. 9b. We define 

p* = ~p~, if ~ __> E~ 

E* = IP*I (3.6) 

l 
Q2 

i x 3  

D), ' 0.'6 1.O xj 

x 2 \  

0.8 

Fig. 10. The normalized distributions of the scaled energies (3.12) 
for our four-jet sample defined by (3.1), (3.2), and (3.4) 

cos0  ~ P~'P* P*'P* ~ (3.7) 
= max [Ip~[~l' [p*llp*l J 

The  kinematical  angular  range for g is given by 

0 < 0 < re/2 (3.8) 

Note  that  for ideal configurations (Fig. 3) we 
obviously have 

g = 913 (3.9) 
We have now calculated the cross section and the 
distributions for the reaction 

e + e -  ~ 7 "  --*four jets (3.10) 

in leading order  Q C D  where the four jets satisfy the 
requirements  (3.1), (3.2), and (3.4). The analytic 
expressions for the unintegrated four-jet cross sections 
for the contr ibut ing par ton  processes 

e+ e - ~ y * ~ q g l G G  

e+ e - ~'y*--,  qglqg t (3.11) 

are known  [13, 16, 18,19]. Integrat ions over  phase  
space were done using the Mon te  Car lo  p rog ram 
F O W L  [20]. In Fig. 10 we show for our  four-jet sample  
the normalized distr ibutions of the scaled energies 

2Ej 
x j = ~ -  s ( j =  1 , . . . ,4)  (3.12) 

The normalized distr ibutions of the angles 012 and 
034 between the two high energy jets 1 and 2 and the 
two low energy jets  3 and 4 are shown in Fig. 11. We 
see that  indeed our  cuts select a sample  of  four-jet 
events coming close to the ideal configurat ion of  Fig. 3. 

Mot iva ted  by our discussion in Sect. 2 we have 
calculated a distribution function F(O) defined as the 
cross section weighted with a convenient  factor and 
integrated over  the accepted phase  space region at 
fixed 9. 

r(o)  = l~sin~ 0 ~ dE*dE~  
O'0 accepted 

phase space 
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Fig. 11. The normalized distributions in the angle 012 between the 
two high energy jets and in the angle 034 between the two low 
energy jets (cf. (3.3)) 

P (~') l . . . . . . . . .  

~f QCD 1.6 "x "QED" 
14 

2.- 2Z 7 ~---- 
1.2 
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0.4 \ i I ! ~  

8.2 

O , , f ~ ~ , , COS .0" 
0.2 0.4 0 6  0 8  1.0 

Fig. 12. The normalized distribution function if(g) (3.14) for QCD, 
"QED', and the phase space model (PS). The QCD and "QED" 
curves are for five massless quark flavors (f = 5) 

(E*)4c~3 a(e+ e -  --*4 jets) 
" \ ~ - ]  ~ - o s  0~ E~ ~ (3.13) 

where % is the zero order  cross section (2.11). The  
corresponding normal ized function 

F(O) = IF(O)  (3.14) 

1 
N = S d(cos 0) F(O) (3.15) 

0 

is shown in Fig. 12. The  normal iza t ion  factor  N is 
given in Table  1. 

The function F(0) (3.13) is apar t  f rom multiplicative 
factors the general izat ion of (0) f~cv(013 ) (2.12). We 
can, therefore, directly compare  the normal ized func- 
t ion F(0) (3.14) shown as Q C D  curve in Fig. 12, with 
the corresponding curve for the ideal jet  configurat ion 
in leading order  in E3/E ~ shown in Fig. 7. We see that  
the min imum at cos 0 = 0 for the Q C D  curve is still 
clearly visible in the realistic jet  sample  (Fig. 12). The  
sharp drop  of  the curves in Fig. 12 for c o s 0 - ,  1 is of 
course due to our  cut (3.4) which avoids collinear 
configurations.  

In Fig. 12 we also show the normal ized distr ibution 
functions P(0) (3.14) for the abelian gluon model  
" Q E D "  and for the phase space model  PS. The  
normal iza t ion  factor N for " Q E D "  is given in Table 1 
where we have used again the relation (2.15). Both 
" Q E D "  and the PS-model  show an a lmost  fiat 
behaviour  for , 

0 __< cos 0 < 0.60 (3.16) 

We think, therefore, that  the min imum of the Q C D -  

Table 1. The normalization factor N (3.15) and the fraction of the 
total hadronic cross section giving four jets which satisfy our criteria 
(3.1), (3.2), and (3.4). The results are given for QCD and the abefian 
model "QED". The errors are due to the Monte Carlo calculation 

X ~1 G(e+ e- ~ *  --,4 jets) 
o- 0 

QCD (4.48 _+ 0.04)- 10 - 5. c~ (0.0454 4- 0.0004)- ~ 

"QED" (6.26 + 0.06). 10-5.~ (0.0531 4- 0.0005)-c~ 

curve for cos 0 = 0 can be interpreted as clear signal 
for the triple gluon vertex. 

Let us note that  our  normal ized distributions 
(Fig. 12) are independent  of the c.m. energy w/s. This 
is easy to see as we are considering Q C D  and the 
" Q E D "  model  at the tree graph level and for massless 
quarks.  Since also our  cuts (3.1), (3.2), and (3.4) are 
scale-invariant  the only energy dependence enters 
through c~ s in the normal iza t ion  factor N of Table  1. 
In the phase  space model  (PS) for massless jets there 
is no energy dependence anyway. 

We give in Table 1 also the total cross section for 
our  accepted four-jet sample  normalized to the zero 
order  cross section (2.11). Taking  for the Q C D  case a 
value of c~ S = 0.15 which is a typical value obta ined  for 
, ~  ~- 33 GeV from three-jet analyses (cf. the reviews 
in [21])  and four-jet analyses [14] we find that  our  
accepted four-jet sample  corresponds to roughly 0.1% 
of the total  hadronic  cross section. Since this fraction 
is quite small for present  statistics, it might  be easier 
to consider integrated quantities. We can, for instance, 
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Table 2. Ratio p as defined in (3.17) for QCD, the abelian model 
("QED"), and the phase space model (PS) 

P 

QCD 0.146 + 0.008 

"QED" - 0.019 + 0.008 

PS - 0.074 + 0.004 

O. Nachtmann and A. Reiter: Gluon Selfcoupling in the Reactions e + e- ~4  Jets and Z~ Jets 

Table 3. The weak coupling constants 9v, 9A of (4.2) for leptons and 
quarks in the standard model 

fermions Ov 9A 

v~,v.,v, �89 

e,l~,Z - �89  2sin29~ -�89 

1 4 - 2 1 u,c,t ~ - -  5 - s i n  0 w 

d,s,b - �89 + 2sin2 ~tw -�89 

make two bins in cos 0 and define 

0 . 7 0  0 . 3 5  

d(cosO)F(O)- S d(cosO)V(O) 
0.35 0 (3.17) 

f l  = 0 . 7 0  

d(cos O)F(O) 
0 

The results for p are given in Table 2 and also show 
quite clearly the difference between QCD, "QED" and 
the phase space model (PS). 

4) Results for the D e c a y  Z ~ ~ Four Jets 

With accelerators reaching c.m. energies of ~ 100 GeV 
the production and decay of the Z~ if it exists, 
should become observable. In the standard model [22] 
the Z~ is expected to decay with a branching 
ratio of ~ 70% to hadrons. These hadronic final states 
should show jet patterns similar to the final states in 
e+e--annihi la t ion through a virtual photon. The 
high mass of the Z ~ and its expected high production 
rates at storage rings like LEP should, therefore, 
make Z~ the ideal reaction for testing Q C D  
predictions for jets. 

In this section we will, therefore, discuss the decay 

Z ~ ~ four hadron jets (4.1) 

with the four jets satisfying the same criteria as 
in Sects. 2 or 3, respectively. We will find that 
the normalized distributions for the reaction (4.1) 
are nearly identical to the distributions for e~e - -  
annihilation through a virtual photon 7*- 

To give the details we consider the standard model 
of electroweak interactions [22] where the Z~ 
couples to leptons and quarks in the following manner 

~ ,  = e Z~dNuC 
2 sin Ow cos Ow 

JNuC Z j j J J (4.2) = (9V V~ -- 9AAt~) 
J 

where e is the positron charge and the sum runs over all 
fermion species. For  the weak mixing angle 0~ we use 

sin e 0 w = 0.23 (4.3) 

consistent with present experiments [23]. The weak 

---z~ t,q 

Fig. 13. Diagram for the decay of the Z ~ into a fermion-antifermion 
pair in lowest order, where l stands for lepton, q for quark 

coupling constants for leptons and quarks are listed in 
Table 3. 

In lowest order of electroweak and strong interac- 
tions the Z ~ mass is given by 

mz 2 _ 7r~ - (89GeV) 2 (4.4) 
,~f2G sin 2 Ow cos 2 ~w 

where ~ is the fine structure constant and G is Fermi's 
constant. The Z~ goes to a lepton-anti lepton or 
quark-ant iquark  pair giving two hadron jets (Fig. 13). 
The decay rate for any fermion species j of mass m~ is 
given by 

~ j  + ]) = 2N~( 
 1J2 

F(Z o 1 

F~ emz - 0.15 GeV (4.5) 
24 sin 2 Ow cos20w 

S i for leptons 
N~ 

3 for quarks 

where F~ is the rate for the decay into one neutrino 
flavor in the standard model (cf. table 3). 

In higher orders in the strong interactions we will 
have final states containing more quarks and gluons 
leading to multi-jet production. The four-jet final states 
are due to the following parton processes 

Z~  ~ q  + gT + G + G (4.6) 

Z~ ~ q + gl + q + (1 (4.7) 

In leading order Q C D  the corresponding diagrams 
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are as in Fig. 2 with the e+e - line omitted, the 7* 
replaced by Z ~ and the electromagnetic coupling of 
the quarks replaced by the neutral current coupling 
(4.2.). 

We will again neglect quark masses, i.e. we consider 
only decays of the Z ~ into (nearly) massless quark 
flavors. This should be a valid approximation for the 
u, d, s, c and b quark. We can then use 75-invariance 
to make some general statements. 

The amplitudes for the processes (4.6) and (4.7) will 
be the sum of the contributions from the vector (V) 
and axial vector (A) part of the neutral current (4.2). 
Our four-jet samples, both the ideal one considered 
in Sect. 2 and the realistic one considered in Sect. 3, 
form a parity-even set of final states. This holds also 
for fixed angle 013 (2.5) or 0 (3.7). Thus in the 
corresponding differential decay rates of the Z ~ there 
can only be V V and AA contributions, no VA 
interference terms. 

We will now show that the diagrams of Fig. 2b and 
2c (always replacing 7* by Z ~ leading to the qgtGG 
final state (4.6) give for massless quarks 

V V = A A  (4.8) 

To see this we introduce the chiral currents 
1 J,R,L -- 5(V, +_ Au) (4.9) 

We have schematically 

VV= j2  + j2 + 2JRJ L 

AA = j2 + j~ _ 2JRJ L (4.10) 

For the diagrams of Fig. 2b and 2c the chiral current 
JL(Jg) always gives a left (right) handed quark and a 
right (left) handed antiquark. The final states reached 
through JL and JR are thus orthogonal and the terms 
JRJL in (4.10) vanish. 

For the final states qflq{ 1 (4.7) produced by the 
diagrams of type Fig. 2a, the argument does not work 
in general, even for massless quarks. A final state 
qR(1LqLgIR where the two quarks have opposite heli- 
cities and the two antiquarks also, can be reached both 
through JR and JL" Indeed it is easy to show that 
V V  ~: AA  in general. However, for our ideal four-jet 
configuration considered in Sect. 2 we have in leading 
order in E3/E 1 always tagged the high energy jets 1 
and 2 as the originally produced q~-pair. In this case 
we have the same situation for the diagrams of type 
Fig. 2a as for the q~IGG final state, i.e. VV = A A .  

Using these findings we can easily give the decay 
rate for Z ~  jets in the ideal back to back 
configuration (Fig. 3) in leading order in E3/E ~. We 
find for f massless quark flavors 

1 
- - d F ( Z  ~ ~je t  1 + jet 2 + jet 3 + jet 4) 
Fo 

= dxl dx2 df22d (cos 013) (4.11) 

.4 a~ {El"~4f~~ 
(2n)3 \ E a ]  sin4 013 
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where the notation is as in Sect. 2 and F 0 is the zero 
order decay rate into our f massless quark flavors 
(cf. (4.5)) 

f 
/'o = ~ 6((9~v) 2 + (gJA)2)F~ (4.12) 

j = l  

For the "QED" model we have, again, to make the 
replacements (2.15) and (2,16). The normalized distri- 
bution functions F(~ shown in Fig. 7 represent, 
therefore, also our result in leading order in E J E  1 
for Z~ By explicit calculation we found that 
V V = A A holds still for all our diagrams if we include 
the next term in the expansion in powers of E3/E 1. 
Therefore the first correction term to (4.11) can also 
simply be read off from the corresponding eq. (2.20) of 
Sect. 2. 

Next we consider the rate for Z~ into four 
jets satisfying the criteria of Sect. 3 ((3.1), (3.2), and 
(3.4)). In this case we have to do a new calculation since 
here indeed we find V V ~ AA.  In analogy to (3.13)- 
(3.15) we define 

1 4 * * ( E ~  4 
Fz(O) =~ooSin 0 S dE dE 3 E~ \ /  accepted 

phase space 

33F(Z ~ --, 4jets) (4.13) 
cos O r 

1 
ffz(0) = ~ z F z  (8) (4.14) 

1 

Nz = S d(cos 8)Fz(O ) (4.15) 
0 

It turns out that for the neutral current couplings of 
u, d, s, c and b quarks (Table 3) the differences between 
F z and F, Fz and F, and N z and N are only of the 
order of 0.1% both for QCD and the "QED" model. 
To this accuracy the curves of figs. 10 12 and the 
results of Tables 1 and 2 apply, therefore, also to 
Z~ In particular we find from table 2 in the 
QCD case the branching ratio of Z~ into our 
four-jet sample to be 

F(Z ~ --* 4jets) _ F 0 (0.045)-~2 (4.16) 
F (Z ~ ~ all) F (Z ~ ~ all) 

The total Z~ rate depends somewhat on the 
top quark mass (cf. (4.5)) which certainly cannot be 
neglected. But taking u, d, s, c and b quarks as massless 
and counting their production in Fo, we can estimate 

F~ - 0.7 
F (Z ~ ~ all) 

c% ~- 0.15 

F(Z ~ ~ 4jets) 
7.10 -4 (4.17) 

F (Z ~ ~ all) - 

Such a branching ratio should easily be observable 
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with the projected event rates of 104 105 Z~ 
per day at LEP. 
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5) Conclusion 

In  this paper we have considered the decay of a virtual  
pho ton  7" or the Z~  into a very simple class of 
four-jet events. An experimental  verification of the 
Q C D  prediction for the distr ibution in our angle O 
(Fig. 12) would  test bo th  the presence of the triple 
gluon coupling and  the masslessness of the gluon, since 
our  helicity arguments  of  section 2 break down for 
massive gluons. We can finally ask if also the very 
simple angular  distr ibutions (2.7) and  (2.8) could be 
observable which would offer an even clearer signal 
for the triple gluon coupling. The answer is yes, if we 
can develop a way to observe the l inear polar izat ion 
of gluons in the final state. This may not  be impossible 
since a q u a r k - a n t i q u a r k  pair produced by a linearly 
polarized gluon might remember  the direction of the 
color electric field vector in the same way as an 
e lec t ron-pos i t ron  pair remembers the direction of the 
electric field vector of the photon.  A classic applicat ion 
of this effect was the de terminat ion  of the pari ty of 
the n~  [24]. In our case we find for the ideal 
configurat ion (Fig. 3) and in leading order in E3/E 1 
that  gluons polarized perpendicular  to the event plane 
show the simple angular  dis t r ibut ion (2.8). 

We have in this paper  given distr ibutions calculated 
at the pa r ton  level and  relied on cluster algori thms 
reconstruct ing the original par ton  axes for compar ison 
with experiments. It would also be easy to formulate 
our effect for S t e r m a n - W e i n b e r g  type jets [25]. This 
may even be preferable when considering higher order 
corrections in c~ s. A quest ion we may ask in connect ion 
with these higher order corrections is if terms pro- 
por t ional  to ln e may wreck our leading order cal- 
culation, where e is our limit for the ratio E3/E 2 in 
(3.1). We would expect this to happen for e ~ 0  but  
for our  value e = 1/3 there should  be no problem. 
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