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Im age  re s toration: re s am pling, coaddition, 
and nois e  s uppre s s ion
A  typical proce dure  for com bining m ultiple  exposure s  of th e  
sam e  fie ld  include s seve ral ste ps:

1. R e sam pling for alignm e nt and  d istortion re m oval (for 
e xam ple  us ing a Lancz os s inc k e rne l)

2. W e igh te d  add ition of aligne d  pixe ls
Th is  coadd e d  im age  is  itse lf com m only use d  for inte ractive  
e xam ination and  oth e r purpose s. W h e n pre paring an im age  for 
obje ct d e te ction, a th ird  ste p is  use d :

3. Noise  suppre ss ion th rough  application of a m atch e d  filte r 
(usually th rough  convolution by th e  PSF)

Th is  approach  h as seve ral flaw s:
1. Th e  id e al inte rpolation k e rne l, th e  s inc function, m ust be  

truncate d  for practical re asons
2. W h e n not all exposure s  h ave  id e ntical point spre ad  

functions, d iffe re nt Fourie r fre q ue ncie s  s h ould  be  give n 
d iffe re nt w e igh ts in th e  coadd ition, but th e  add ition of 
unfilte re d  e xposure s  in im age  space  doe s  not allow  th is.

3. Tw o line ar k e rne ls are  applie d  (one  for re sam pling, and  
anoth e r for noise  suppre ss ion), but th is  can be  done  in one  
ste p be cause  add ition is  com m utative .

4. Convolution by th e  PSF is  only a prope r m atch e d  filte r 
w h e n th e re  are  no exte nd e d  source s.

Nick  Kaise r advocate s convolution by th e  PSF be tw e e n 
alignm e nt and  add ition, addre ss ing th e  se cond  flaw .
A lte rnative ly, w e  can consid e r th e  d e rivation of a s ingle , noise  
suppre sse d  im age  from  a colle ction of exposure s  as a s ingle  
line ar im age  re storation proble m .

1. Each  ste p above  is  a line ar filte r, so th e  above  proce dure  can 
be  e xpre sse d  as a s ingle  line ar re storation.

2. Th e  optim al solution for producing a le ast sq uare s  b e st fit 
of th e  s k y is  a W ie ne r filte r.

3. Th e  optim al solution for obje ct d e te ction is  a m atch e d  filte r.
In oth e r w ord s, if w e  use  a k e rne l d e rive d  e ith e r from  a W ie ne r 
or m atch e d  filte r as our inte rpolation k e rne l in th e  initial 
re sam pling, th e  re lative  w e igh ting of th e  Fourie r fre q ue ncie s  w ill 
be  optim al and  th e  noise  suppre ss ion ste p prior to obje ct 
d e te ction w ill be  unne ce ssary. Using th e  PSFs as our 
inte rpolation k e rne ls addre sse s  flaw s one  th rough  th re e  in th e  
above  list.
W h e n an im age  consists of random ly d istribute d  source s at low  
s ignal to noise , th e  W e ine r filte r and  m atch e d  filte r are  th e  sam e . 
If th e  source s are  point source s, th is  filte r w ill be  th e  PSF. In all 
case s, w e  can ge ne rate  an im age  analogous to th at produce d  
afte r add ition in th e  trad itional approach  us ing a h igh  pass  filte r.
Th e  W ie ne r and  m atch e d  filte rs suffe r a com m on d isadvantage ; 
d e rivation of e ith e r re q uire s  th at w e  k now  th e  pow e r spe ctra of 
th e  im age s of th e  obje cts w e  h ave  not ye t d e te cte d. O ne  
approach , w h ich  le ad s to th e  fourth  flaw  liste d  above , is  to 
assum e  th at th e y are  point source s. A n alte rnate  approach  
w h ich  addre sse s  th is  is sue  is  to use  th e  cross  corre lation be tw e e n 
d iffe re nt exposure s; se e  th e  "Statistics of Und e te cte d  O bje cts" 
pane l.

Coaddition of e xpos ure s  in diffe re nt filte rs
Se ts of exposure s  on a give n re gion of th e  s k y w ill ofte n include  
im age s tak e n th rough  m ultiple  filte rs. A n id e al com bine d  
e xposure  to be  use d  for obje ct d e te ction w ill tak e  advantage  of 
th e  s ignal pre se nt in all filte rs. If m ultiple  exposure s  are  to be  
add e d  optim ally, e ach  im age  m ust be  w e igh te d  accord ing to th e  
s ignal to noise  of th e  obje cts to be  d e te cte d. W h e n e xposure s  
tak e n us ing d iffe re nt exposure s  are  to be  add e d  to e ach  oth e r, 
th is  w e igh ting d e pe nd s on th e  color of th e  obje cts. Th is  is  a 
ch alle nge , b e cause  it re q uire s  k now le dge  of th e  colors of th e  
obje cts be fore  th e y are  d e te cte d. Furth e rm ore , not all obje cts w ill 
be  of th e  sam e  color.
Th is  proble m  can be  addre sse d  in tw o w ays, or us ing a 
com bination of th e  tw o.

1. Inste ad  of add ing th e  im age s in d iffe re nt filte rs, Sz alay, 
Connolly, and  Sz ok oly (19 9 9 ) m e asure  th e  goodne ss  of fit 
of th e  s k y to th e  pixe ls in th e  e xposure s  from  all filte rs. 
Th is  can be  accom plish e d  in practice  by add ing th e  im age s 
in q uadrature , w h ich  re sults in an im age  of th e  goodne ss  of 
fit.

2. O ne  can use  th e  cross  corre lation be tw e e n e xposure s  (afte r 
m ask ing of d e te cte d  obje cts) in d iffe re nt filte rs to m e asure  
th e  flux w e igh te d  m e an colors of und e te cte d  obje cts. 

Sz alay e t al. also pre se nt an "optim al subspace  filte ring" base d  
re fine m e nt on th e ir approach , w h ich  use s  k now le dge  of th e  
colors of obje cts to re duce  th e  d e gre e s  of fre e dom  th at ne e d  to be  
consid e re d  in th e  goodne ss  of fit. Th e  goodne ss  of fit and  cross 
corre lation m e th od s can be  com bine d  by us ing th e  cross  
corre lation to d e te rm ine  th e  optim al subspace . 

Statis tics  of unde te cte d obje cts
O ne  of th e  class ic d isadvantage s of th e  W ie ne r filte r is  th at it 
re q uire s  an approxim ation of th e  pow e r spe ctrum  of th e  true  
s ignal. In th is  application, a flat spe ctrum  (corre spond ing to a 
random  d istribution of point source s) is  a re asonable  first 
approxim ation, but w e  can im prove  upon th is  us ing th e  cross  
corre lation be tw e e n d iffe re nt exposure s : if th e  noise  in one  
e xposure  is  not corre late d  w ith  th e  noise  in a se cond , th e n th e  
m e an pow e r contribute d  by th e  noise  to th e  cross  corre lation of 
th e  tw o w ill be  z e ro, and  th e  re sult can be  use d  to approxim ate  
th e  W ie ne r filte r; corre lation be tw e e n im age s com e s from  th e  
s ignal only. 

Note  th at, as th e  s ignal to noise  of th e  im age  be ing add e d  varie s, 
so doe s  th e  cross  corre lation; th e  m agnitud e  of th e  corre lation 
incorporate s an e stim ate  of th e  prope r w e igh ting. Note  th at th is  
eve n w ork s  w h e n th e  im age s w e re  tak e n th rough  d iffe re nt filte rs. 
In th at case , th e  w e igh ting is  appropriate  for th e  flux w e igh te d  
m e an color of und e te cte d  obje cts. 

Stack ing of s im ulate d data
Th e se  four im age s e ach  contain a s im ulate d  point source . Th e  ratio of th e  total flux of 
th e  point source  to th e  stardard  d eviation of th e  noise  is  th e  sam e  in e ach  im age , but 
th e  w idth  of th e  point source  varie s  s ignficantly be tw e e n im age s.

W h e n th e  th re e  s h arpe st im age s are  
add e d , th e  pe ak  is  7.8 tim e s  th e  s k y 
standard  d eviation.

W h e n a m atch ing filte r is  applie d  to 
th e  coadd e d  im age , th e  pe ak  is  th e n 
9 .7 tim e s  th e  s k y standard  d eviation.

W h e n a m atch ing filte r is  applie d  to 
e ach  ind ivid ial exposure  and  th e  
re sults add e d , th e  pe ak  th at is  12.3 
tim e s  th e  s k y standard  d eviation.

Stack ing of SDSS fram e s
I also applie d  th e se  coadd ition te ch niq ue s  to re al data from  th e  SD SS. Th e se  fram e s 
s h ow  tw o of th e  e igh t se ctions of a scan use d  to produce  th e  coadd e d  im age s. 

Th is  im age s s h ow  th e  re sult of re giste ring 
and  add ing th e  se t of 8 SD SS fram e s and  
convolving it by th e  point spre ad  function 
of th e  coadd e d  im age , a typical first ste p 
in obje ct d e te ction applications. (W h e n 
th e  obje cts are  random ly d istribute d  point 
source s and  w e  are  optim iz ing for 
d e te ction of obje cts at low  s ignal to noise , 
th e  W e ine r filte r be com e s th e  PSF.)
Th e  pe ak  of th e  sam ple  star is  6.7 tim e s  
th e  standard  d eviation of sk y pixe ls.

If e ach  e xposure  is  convolve d  by its ow n 
point spre ad  fuction be fore  th e y are  
add e d , th e  re sult is  a sligh t im prove m e nt 
in s ignal to noise ; th e  pe ak  in th is  sam ple  
star is  7.5 tim e s  th e  standard  d eviation of 
sk y pixe ls.
 

W h e n th e  obje cts w e  are  atte m pting to 
d e te ct in coadd e d  im age s are  random ly 
d istribute d  point source s at low  s ignal to 
noise , W ie ne r filte ring can be  w e ll 
approxim ate d  by convolution by th e  
point spre ad  function. Th is  can be  te ste d  
by fitting th e  cross  corre lation be tw e e n 
tw o exposure s  to th e  cross  corre lation 
be tw e e n PSFs. In th e  figure  to th e  righ t, 
th e  line  s h ow s th e  cross  corre lation 
be tw e e n m od e ls of th e  point spre ad  
functions of tw o exposure s, and  th e  
circle s s h ow  th e  cross  corre lation 
be tw e e n th e  im age s th e m se lve s afte r 
brigh t obje cts are  m ask e d.

Im ple m e ntation
I h ave  e xplore d  th e  coadd ition m e th od s d e scrib e d  h e re  us ing a 
se t of Pyth on and  bash  scripts th at coadd  SD SS data. 
D eve lopm e nt of a production im ple m e ntation is  und e rw ay. It 
w ill w ork  as e ith e r a stand  alone  utility or w h e n inte grate d  into 
th e  D ark  Ene rgy Survey pipe line , and  be  te ste d  us ing th e  im s im  
3 s im ulation of D ES data. Th e  im ple m e ntation is  in A NSI C, and  
can be  com pile d  and  installe d  us ing th e  ub iq uitous GNU 
autoconf utilitie s.

Abs tract
Modern im aging obse rvation program s often collect m any exposure s 
for each  area of sk y obse rved . Alth ough  sim ple m eth ods for gen e rating a 
single, h igh  quality exposure  from  collections of overlapping im age s are  
w ell und erstood and tools th at im plem ent th em  are  com m onplace , m any 
m od ern  exposure  sets, such  as th ose  from  th e  Sloan D igital Sk y Survey 
(SD SS) and th ose  expected  from  th e  D ark  En ergy Survey (D ES), h ave 
com plicating propertie s th at th e se  tools do not addre ss optim ally. Th e se  
exposure s m ay h ave d ifferent point spread  functions, so d irect co-
add ition or im age  stack ing w ill not re sult in  an im age  w ith  e ith e r an 
optim al PSF or noise . Th e y m ay h ave sign ificantly d ifferent d istortion 
in  th e ir m apping of pixel to celestial coord inate s.  If th e  gen e rated  im age  
is to be  use d  for object d etection, exposure s th rough  d ifferent filters 
sh ould be  com bin e d  into a single im age , so th at objects below  th e  
d etection th re sh old in  any given filter m ay still be  d etected . I pre sent 
progre ss on a set of tools d e sign e d  to com bin e  m ultiple exposure s in  a 
m ann er optim al for object d etection, integrating d istortion rem oval and 
registration, coadd ition, and noise  suppre ssion into a single step. I also 
introduce  a m eth od for using cross correlation betw e en  exposure s to 
e stim ate  th e  statistical propertie s of und etected  source s for use  in  
com bin ing im age s. 
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