HNN

=5y DOCUMENTS | p.0. 5ox 3506
‘ DELIVERED Ev%gvo %ﬂié%%?sde/ivered.

Document #

com 32083'1

lofl

Name

Order ID

Order Date Client Reference | Billing Number Service

Mary Cook

32083

07.12.2016 1:14 pm T. Zolkin #14536N ASAP Order

Document Details

Source : J. Appl. Phys.

Volume : 37
Issue :

Date : 1966

Pages : 2568-e0a

Author : Beth, Richard A.

Title : Complex Representation and Computation of Two-Dimensional Magnetic Fields

Order Options

o Title Page if Available

™ Table of Contents if Available

™ Copyright Page if Available

[ Digital Only

[[J Datestamp
[l Color if Available
[[JHardcopy Only

CJHTML/Text OK

[[JEnglish Only
[[JExtra Clean
[JInclude Suppl. Material if Available

Notes
**xCover, Copyright & TOC when available***

COPYRIG

HT

e Documents Delivered is a member of the Copyright Clearance Center and adheres to copyright law.
e For more information please visit: www.documentsdelivered.com/copyright-policy/

Copyright Policy | FAQ

g Help | Privacy Policy



http://www.documentsdelivered.com
www.documentsdelivered.com/copyright-policy/
http://www.documentsdelivered.com/copyright-policy/
http://www.documentsdelivered.com/faq/
http://www.documentsdelivered.com/help/
http://www.documentsdelivered.com/privacy-policy/

A}

LIBNART

UL 81366

SVLRSITY OF
S SHNGTON

June 1966
Vol. 37 No. 7

Photo-Ionization
Mass
Speciiometer
for use in

Gas Analysis

See Page 312




JOURNAL OF APPLIED PHYSICS

oA journal of general physics and its applications to other sciences and to industry

Published by the

American
Institute of Physics

GOVERNING BOARD

Ralph A. Sawyer, Chairman
Arnold Arons

E. U. Condon

H. Richard Crane
Edward C. Creutz
Herbert A. Erf

S. A. Goudsmit
W. W. Havens, Jr.
A. C. Helmholz

R. Bruce Lindsay
A. 1. Mahan
Robert S. Marvin
Vincent E. Parker
Melba Phillips

E. R. Piore

S. L. Quimby

Paul M. Routly
Isadore Rudnick
John A. Sanderson
Frederick Seitz
Robert S. Shankland
C. H. Townes
Mary E. Warga

J. A. Wheeler
Elizabeth A. Wood

ADMINISTRATION
Van Zandt Williams
Director

Wallace Waterfall

Deputy Director and Secretary
Gerald F. Gilbert

Treasurer and Controller
Van Zandt Williams

Acting Director of
Education and Manpower
Eugene H. Kone

Director of Public Relations
Hugh C. Wolfe

Director of Publications

Charles Weiner

Director, History and Philosophy
of Physics

Kathryn Setze

Assistant Treasurer

Emily Wolf

Manager, Society Services

Henry A. Barton
Elmer Hutchisson
Directors Emeriti

PUBLISHING OPERATIONS
Theodore Vorburger

Advertising Manager

David B. Biesel

Manager, Editorial Department

Jean Doty

Supervisor, Special Publications
Andrew H. Uszak

Fulfillment Manager

Sistina Greco
Manager, Membership Department

AssociATE EDITORS
Foster F. RiEKE LESTER GUTTMAN

Ebrtor
Frank E. MYERs

EpiToriaAL BoArD

J. H. Crawford, ]Jr.
Elio Passaglia
E. G. Spencer

W. R. Bennett, Jr.
Manfred A. Biondi

Lawrence Slifkin

Conyers Herring
B Rase
Robert H. Silsbee

EbpITorRIAL ASSISTANTS AT AIP

SUPERVISOR, JOURNAL PusLicATIONS : R. Nissim; SExtor Copy Ebpitor: P. T.
Johnson; Copy Ebrrors: A. H. Friedman, C. N. DallaValle, L. Shanny,
L. T. Kagan, and J. Woodbridge.

The Journal of Applied Physics is devoted to general physics and its applications
to other sciences, to engineering, and to industry. Prior to 1937, the Journal
carried the name Physics.

The Editor welcomes articles of two kinds: (1) articles describing significant new
results in experimental or theoretical physics related to applied physics; and (2)
articles describing important new applications of physics to other branches of
science and engineering. Although the Journal infrequently carries critical review
articles, the Editor will be pleased to receive inquiries from authors who are con-
templating the preparation of such reviews in fields covered by the Journal.

Submission of a manuscript is taken by the Editor to be the author’s representation
that the manuscript is not currently under consideration by another journal, and
that it has not been copyrighted, published, or accepted for publication elsewhere.

Communications (formerly Letters to the Editor) are welcome. These should be
short : the normal maximum is about five double-spaced typewritten pages or three
Journal columns including allowances for figures, references, and tables. “Com-
munications” should be reasonably self-contained and not mere announcements of
proposed research or of more comprehensive studies to be published later. They
do not carry abstracts. Being short, ‘‘Communications” are often published more
quickly than full-length regular articles.

Applied Physics Letters. Short contributions whose timeliness and importance
justify very quick publication should be sent to Applied Physics Letters. For in-
formation on their preparation, refer to that Journal.

Manuscripts. Manuscripts should be submitted to the Editor, Frank E. Myers,
Journal of Applied Physics, Argonne National Laboratory, Box 296, Argonne,
Illinois 60440. Before you prepare your manuscript, please read Information for
Contributors, facing page 1 of the January 1966 issue of the Journal of Applied
Physics.

Publication charge Authors institution are requested to pay a charge of $50 per
page ($50 minimum for “Communications”) plus a $10 charge per article which
helps to defray the cost of its abstracting and indexing in Physics Abstracts.
“Publication charge and reprint order” forms will be sent with galley proofs.

Corrected proofs and all correspondence concerning papers in the process of pub-
lication should be addressed to the Supervisor, Editorial Department, American
Institute of Physics, 335 East 45 St.,, New York, New York 10017. Reference
must be made to title, author, journal, and scheduled date of issue.

SUBSCRIPTIONS, RENEWALS, and ORDERS FOR BACK NUMBERS
should be addressed to the American Institute of Physics, 335 East 45 St., New
York, N.Y. 10017.

SUBSCRIPTION PRICE US.A., Canada,

and Mexico Elsewhere
Members of member organizations to the American Insti-
tute of Physics and Affiliated Societies (except mem-
DO N TN L L U A T e e S i $15 $17
Membatlr oo B o i N ialis o beden 508 5 T 4 i R $12 $14
V. g T A A R IR LRI S N e AR B $20 $22

BACK-NUMBER PRICES

Yearly back-number rate when complete year is available: $23.
Single copies : $2.50 each (exception: March 1958—$3 each).
Special Supplements : April 1963, March 1964, March 1965—$5 each.

CHANGE OF ADDRESS: Allow at least six weeks' advance notice. Send both
old and new addresses to the Circulation Department, American Institute of
Physics, 335 East 45 St.,, New York, N.Y. 10017. If possible, include an address
stencil imprint from the mailing envelope of a recent issue. Be sure to include your
zip code.

ADVERTISING RATES supplied on request. Orders, advertising copy, and
cuts should be sent to the American Institute of Physics.

The Journal of Applied Physics is published monthly at Prince and Lemon Streets, Lancaster, Pennsylvania 17604.

Second-class postage paid at Lancaster, Pa.




JOURNAL OF APPLIED PHYSICS

* Vol. 37, No. 7 JUNE 1966

In This Issue

" Damage Produced in Ge at Room Temperature by Indentation . . . . et aet QW Jobnson
- Shock-Induced Electrical Polarization of Alkali Halides . . Ronald K. Lmde V\ xlham j Murn and Donald G. Doran
- High-Pressure Electrical Behavior and Equation of State of Magnesium Oxide from Shock Wave Measurements .

....... R RO CRE T . Thomas J. Ahrens

. Computatron of Electrostatlc and Rapldly Pulsed Magnetlc erlds Rl Slee TR Eelvis: TE

The Laser as a Light Source for Ultramicroscopy and Light Scattermg by Imperfectrons in Crystals. Investigation of

- Imperfectionsin LiF,:MgO, and Ruby. .. . . . . . 2. .. codar o'V, Vand, K. Vedam, and R. Stein

- Defects in Natural Quartz. . . . . s ot SW T Spencerand W L Stnith

~ Anomalous Attenuation of Plezoelectncally Actlve Ultrasomc Waves in Photoexc1ted Cadmium Sulfide . . .E. Harnik

. Complex Representation and Computation of Two-Dimensional Magnetic Fields . . . . . . . . . Richard A. Beth

[Controlled Domain Tip Propagation. PartI . . . . . . . . ( . .. . . . . ... S Ry Spaih

~ Controlled Domain Tip Propagation. Part II . . . . . . . . . . . . . . S R J bpam and H I. Jauvtis

¢ Twinning of Iridium in a Field Ion Microscope . . . . . . . . . . . . . Kldus D. Rendulic and Erwin W. Miiller

~ Orientation Effect in GaAs Injection Lasers . . . .+ . . . M.S. Abrahams and J. I. Pankove

. Statistical Theory of Electron Transport in the Smooth Bore Magnetron . . Koenraad Mouthaan and Charles Siisskind

. Surface Spikes: A Perturbation of Growth Sl A B s ek e S Edward NG Sickeatus
- Transient Response of Double Injection in a Semiconductor of Flmte Cross Sectlon itk

......... . R. Baron, O j Mdrsh and j W Mayer

~ Direct Correlatron between Domam Slze and Coercnve Force in Iron Alloyg L5 . . . . Joseph A. Pesch

~ New CsCl-Type Intermediate Phases in Binary Alloys Involving Rare-Earth Elements . C C. Chao and P. Duwez

Trapping and Thermal Release of Irradiation Electrons from Polyethylene Terephthalate Films . . Larry K. Monteith

- Comparison of the Thermal Conductivity, Electrical Resistivity, and Seebeck Coefficient of a High-Purity Iron and an

3 ArmcoiTron £0°1000°C . Vi el cie L U WL Fulkerson, J. PisMeore, and Do L McEltos,

- Electrokinetic Phenomena in Boiling “Freon-ll3” P Gy P - Victor Asch

Some Debye Temperatures from Single-Crystal Elastic Constant Data A chhard A Roble and Jerry L. Edwards

Evaporated and Recrystallized CdS Layers . . . . . . . . . . . . K. W. Béer, A. S. Esbitt, and W. M. Kaufman

- Electron Energy Distributions in Various Discharges . . . . . .+ . . . Bentley T. Barnes

 Quantum-Mechanical Reflection of Electrons at Metal—-Semrconductor Barrlers Electron Transport in Semiconductor—
B Metal-Semiconductor Structures . . . . .. . .. .C.R. Crowelland S. M. Sze
% Hot-Electron Transport in Semrconductor-Metal—Semlconductor Stmctures 5y

g LS M Sze, 'C.'R. Crowell G P Carey, and E E LaBate
£

 Probe Measurements in a Pulsed Plasma Expenmental Verification of the BBM Analysis for Ion Saturation Current .
3 . J. C. Hosea

Formation of Stackmg Faults in Smgle—Crystal Frlms of Copper Grown on N aCl KCl and LxF Substrates ;
2 AU P Roweand L. O Brockway

Plasma Dlagnostrcs usmg Lasers Relatxons between Scattered Spectrum and Electron -Velocity Distribution
.......... . Terrence S. Brown and D. J. Rose

] : Plasma Diagnostics by Thomson Scattermg ofa Laser Beam e s L Edward T Gerryt ] and D 2R osE
~ Combined Anode-Cathode Feed of a Hollow-Cathode Arc . . . el SGerey and (DT R oge

Measurements of the Distribution of Defect Introduction Rate wrth Depth in lercon Irradiated with 300-keV Electrons .
Bab + AL J. Hitchcock

Electrostatic Atomrzatron and Spray Pamtmg RIS oo S s IR LR LT S R i s R w R T i iR e s
Shape Dependence of the Properties of Ferroelectric Crystals RASENT i e s o S Gordof . Sehdcher

Optical Experiments with a Magnetically Rotatable Diffraction Gratmg e
.......... . Edmund U. Cohler Harvey Rubmstem and Carolyn jones

Temperature Dependence of D1electr1c Breakdown of Potassium Chloride Crystals under dc and Pulse Voltages .

e S iy e : . Francis W. Kaseta and H. [ung L

Grain Boundary Precrprtatron in Oxrde Systems A Sogh oS BV S EStibican.and D Viechnicls
Acoustoelectric Current Distribution and Current Saturatlon in CdS R e s .J. H. McFee and P. K. Tien
A Quantitative Method for the Study of Orientation Relationship between Subgrams by Dark-Field Transmission
: Electron Microscopy . . . . . S e RGO
Diffraction by a Half-Plane Perpendrcular to the Drstmgurshed Axrs of a Umaxrally Amsotroplc Medrum S. Przezdziecki
[ ical Properties of Thin Mefallic Films in Island Form . /. . ~v o 0o Co st o s L6 0 "R OH. Doremiis

| (continued)

2521
2527

2532
2541

2551
2351
2563
2568
2572
2584
2593
2596
2598
2607

2614
2627
2631
2633

2639
2654
2659
2664
2679

2683
2690
2695
2703

2709
2715
2725

2726
2730
2736

2738

2744
2751
2754

2764
2768
2775



Radio Frequency Breakdown in Penning Geometries with Nonlinear Fields. . . . . ... . . .Thomas W. Karras
Momentum Transfer Produced by Focused Laser Giant Pulses . . . . . . . David \\ Gregg and Scott J. Thomas
Characteristics of Evaporated Antimony Films as a Function of the Antimony Source . . . . . . . . A. H. Sommer

Calculations for Capacitor-Driven RLC Circuits Includmg the Penetration of Fields into Conductors

Jpdontl o bt 1 . D. A. Baker, M. D. J. MacRoberts, and L W Mann
Electric Field Eﬁects in Trappmg Processes Ll T S Gustavo ‘A, Dussel and: Richard H. Bube
Coalescence of Two Spheres by Surface Diffusion . . . R o s o B AGINIchols
Ultrasonic Attenuation near the Néel Temperature of Chromium Hedis PR E J O Brien and J. Franklin
Gas Analysis by Photo-Ionization Mass Spectrometry . . . . . . . . . .W. Poschenrieder and P. Warneck

Sputtering Yields of Several Semiconducting Compounds under Argon Ion Bombardment R

i e e e R B R e R T AT . James Comas and C Burlelgh Cooper
Enhanced Tunneling through Dielectric Films due to Ionic Defects O R N e O Fred YW Schinidlin
Analysis of Time-Dependent Creep Phenomena in Single-Crystal MgO .. . . . . . . . . . . . .. W. S. Rothwell
Temperature Dependence of Sputtering Yields of Ge (100) and (110) Surfaces . . . . . . . . . . .G.S. Anderson
Dielectric Anomalies in Silicon Single Crystals. . . . . . . . . . . . . . . . . . . . K. V. Rao and A. Smakula
Strain Energy of aKink . . . . . g el oo R IT T aR Ol e e s e b T Brailtbrd
Frequency of Corona Discharge Tnchel Pulses in Air Flows el : . . . Kaare J. Nygaard

Evidence by Lorentz Microscopy for Magnetically Active Stacking Faults in MnAl Alloy H Zi]lstra and H. B. Haanstra

Nucleation in Polymer Crystallization and its Relevance to the Morphology of Polyethylene Single Crystals . . .
. Joanne R. Burns

Distribution of Boton-Induced Defects in Shallow Diffused Surface Layers of Sihcon

RS AN B S e T S R S NN B AR T Ay JIELS Rupprecht and G H Schwuttke
Oscillations in the Thermal Cesium Plasma Diode. . . . . . . . . . . . . . William H. Cutler and Peter Burger
Analysis of the Thermionic Emission from Barium Telluride . . . . . . Howard M. Brown and Eugene B. Hensley

Thermal and Electrical Transport in InAs-GaAs Alloys . .
E. F. Hockings, 1. Kudman 'I Seldel C M Schmelz and E F Steigmeier

Thermromc Converters Operating in the Ignited Mode. Part I: Theoretical Output-Current Characteristics . .
Daniel R. Wilkins and Elias P. Gyftopoulos

Thermionic Converters Operating in the Ignited Mode Part II A Quasi-Equilibrium Model for the Interelectrode

Plasma . . . ST SRS : .. . . Daniel R. Wilkins and Elias P. Gyftopoulos
High-Voltage Electron Microscopy St R RS S s e T B SaGuIRE B he v HGZettler sand K ICobayashi
Communications :

Growth of Hexagonal Ferrite Crystals by a Modified Pulling Technique . . . . . T.R.AuCoin, R. O. Savage, and A. Tauber 2908

Comment on ‘“Determination of External Surface Area of Porous Solids by Monomolecular Films” . . . . George L. Gaines, Jr. 2909

Photoluminescence of Silicon-Compensated Gallium Arsenide . . e s e AT S S st SSSER O elseer > 20080

Dislocation Mobility and the Steady-State Creep of Crystals with Specral Reference tow Zu-comum e AL Addell 142910

Transmission Electron Microscopy of Fast-Neutron-Irradiated Silicon . . . . . . . . P. L. F. Hemment and E. M. Gunnersen 2912

Dislocations in Gallium Arsenide Grown from Gallium by a Travelling Solvent Method . . . . . . . . .
3 . Martin Weinstein, H. E. LaBelle, Jr., and A. I. M]avsky 2013

Preparation and Magnetic Properties of Collo'dal Cobnlt Particles g MRS N 2R e el o S SR S A ostu i) R. ‘Fhomas; 2914
Dislocation Loops in Oxygen-Ion-Irradiated Sapphire . . e e ! Pty Bt & orans TiD.Gulden -~ 2918
Attenuation Length for Secondary Electrons in Bulk~Densnty KCl and CsI o a T J Edgecumbe and E. L. Garwin 2916
Composite Aluminum~=Nickel Evaporated Films . . . e R AL SNl s R e i Ay . . .Raymond K. Hart 2918
High-Power Infrared Laser with Adjustable Couplmg-Out R e S W J Wnu man and G. v.d. Goot 2919
Growth of Large Yttrium Vanadate Single Crystals for Optical Maser Studles St wd e ) Rubid and L. G, Van'Uitert 2920

Orientation Relationships in the Heteroepitaxial Tungsten-on- -Sapphire System . .
A . Arnold Miller, H. M Manaseut D H Forbes andI B Cadoff 2921

Low-Field Microwave Emission from Indium Antimonide . . . . . .A.G. Chynoweth, S. J. Buchsbaum, and W. L. Feldmann 2922
Oxide Films Grown on GaAs in an Oxygen Plasma . . . B . . . .O.A. Weinreich 2924
Pressure Dependence of Interstitial=Substitutional stsocxatwe Diﬁusion v ’I‘ R Anv.hony. B F Dyson, and D. Turnbull 292§
Molybdenum Dioxide Single Crystals . . . I e A e MR O Vickery i S SR IO AR 20
Resolution of Diffraction Rings by X Rays and Electrons S S SO R N TR U et £ OB 7|
Cross Section for Ionization of Alkali Atoms by Collision with Excxted Noble Gas Atoms S R e e i % John: W :Sheldon: 2928
Polarization Axis of Ruby as Revealed by Electron Diffraction. . . i . . . S. Yamaguchi 2929
Secondary Electron Production from Approximately 1- MeV Alpha Pa.rtlcles Emerging from Gold v L L Ydrger and J. N. Anno 2929
Erratum : Inversion of Pole Figures for Materials Having Orthorhombic Symmetry [37, 359 (1966)] . . . . . . .P.R. Morris 2930
Erratum : Free Molecule Transmission Probabilities [36, 3356 (1965)] . . . . .A.S. Berman 2930

Erratum : Application of Electron and Optical Microscopy in Studying Laser-Irradiated Metal Surfaces [36 3697 (1965)] il
. . . K. Vogel and P. Bdcklund 2930

Erratum Magnenc Field sttnbution maType II Superconductor [3%s X (1066)] A H E Cllne R. M. Rose, and J. Wulff 2930
Index to Advertisers .

2782
2787
2789

2792
2797
2805
2809
2812

2820
2823
2833
2838
2840
2842
2850
2853

2856
2862
2867
2874
2879
2888

2892
2900

XX




JOURNAL OF APPLIED PHYSICS

Complex Representation and Computation of Two-Dimensional Magnetic Fields*

RicuARD A. BETH
Brookhaven National Laboratory, Upton, New York
(Received 20 January 1966)

The method of evaluating two-dimensional fields as analytic functions of a complex variable without
resort to absolute values and complex conjugates is described and applied to the magnetic field produced by
straight currents. Explicit formulas are derived suitable for numerical computation of vector and scalar po-
tentials, of field components, and of field gradients for round and polygonal (including rectangular) con-

ductors, current ribbons, and arrays thereof.

HE magnetic field in a simply connected region

excluding currents and permeable materials can

be described either by a scalar potential ® or by a
vector potential A.

In the two-dimensional case it is advantageous to
combine the two descriptions into a single complex
representation. The method is here applied to the
evaluation of the magnetic field due to an infinite
straight conductor of arbitrary cross section. The re-
sulting complex potential, field, and gradient expressions
for polygonal or rectangular conductors and current
ribbons are given in integrated form suitable for
numerical computation.

COMPLEX REPRESENTATION

Consider a two-dimensional magnetic field parallel
to the X, ¥ plane. The field strength components can
be written in terms of a scalar potential =& (X,V):

Hx=Hx(X,Y)=—0%/4X,

Hy=Hy(X,Y)=—0%/dY. 1
For a two-dimensional field the only non-constant com-
ponent of the vector potential is the component per-

pendicular to the field plane, which we write
A=A4(X,Y), so that

By=pHx=04/3Y, By=pHy=—034/0X.. (2)
For unit permeability, p=1, we have from (1) and (2)
94/9X =0a®/dV, 04/9Y=—0B/dX.
Regarded as Cauchy-Riemann equations these rela-

tions are the necessary and sufficient conditions that
A-+i® be an analytic function of the complex variable

Z =RV

We note that ®+id is an analytic function of
Z%=X—iV but not of Z. Any analytic function of
A+i® is again an analytic function of Z. We choose to

call
W =W (Z)=— (A+1i®)+const, (3a)

the complex potential of the two-dimensional field;
any arbitrary constant may be added to W without
changing the field quantities derived from it.

* Work carried out under the auspices of the U. S. Atomic
Energy Commission.
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Derivatives of W are, in turn, analytic functions of -
Z. The first derivative of W,

aw 04
S e :
QXX SO S

00 94 0

az

is the complex field [cf. Eqs. (1) and (2)]
AW /dZ=H=H(Z)=Hy(X,Y)+ilHx(X,¥), (3b) |

where the field components Hy and Hx appear as real
functions of X and ¥ ; the Cauchy-Riemann relations
between them express the field equations curl H=0%
and div B=0 for this two-dimensional case. .

It is important to notice that Hx+iHy is not an
analytic function of Z. We emphasize the choice of the
combination 4+ i® instead of #+i4 in Eq. (3a). This -
choice is made to preserve the full advantage of
analyticity without resort to complex conjugates or
absolute values in the physical interpretation of deriv-
atives of W (Z).! The derivations that follow illustrate ;
the nature of this advantage. '

The second derivative of IW is the complex gradient: -

W oHy 9Hx 1
e = G=GZ)=——=Fr (3c)
dz? X X 3
where dHy/0X (= 9Hx/dY) is the transverse gradient
and 0H x/0X (= —dHy/dY) is a measure of the longi-
tudinal gradient. '

Higher field “gradients” can be found as analytic
functions of Z by further differentiation. At each stage
the field conditions are expressed by the fact that each:
higher gradient comprises just two real functions of
X and ¥ which satisfy Cauchy—Riemann relations.

THE FIELD DUE TO A CURRENT FILAMENT

An infinitely long straight filament current / flowing
upward (in the usual right handedsense) perpendic-
ular to the X, ¥ plane at Z=0has the complex potential

W =2I logZ+ const=—A —1i®, 4)

1 For example, see G. Wendt, in Handbuch der Physik, S. Fliigge,
Ed. (Springer-Verlag, Berlin, 1958), Vol. XVI, p. 57, Eq. (49.6);
E. Weber, Electromagnetic Fields (John Wiley & Sons, Inc., New
York, 1950), p. 283, Eq. (15); J. Van Bladel, Electromagnelic
Fields (McGraw-Hill Book Co., Inc., New York, 1964), p. 136,
Eq. (5.49).



as may be verified by differentiating with respect to Z;
according to (3b),

dw 21 21
—=Hy+iHx=—= ;
dZ Z X+iV

‘which yields the usual formulas:
- Hy=2IX/(X24+V?) and Hx=-—21YV/(X2471?).

- The potential (4) and its derivatives obviously also
apply to the field outside a conductor or wire of
circular cross section.

~ In (4) Z=X+1V appears as the pure number ratio
‘of Z to the unit of length used in measuring X and V;
any change of the unit of length merely appears as an
additive constant in the logarithm and may be absorbed
Jinto the arbitrary constant. However, the unit of length
‘used does affect the derivatives (3b) and (c). For
‘Gaussian units X and ¥V are in centimeters and 7 in

abamperes (1 abamp=10 A).

- If we write Z=X+1V=Re" then log Z=log.R+16
and 6 (radians) increases by 27 when the point Z is
taken once around the origin in the positive direction.
" Thus the scalar potential ® in (4) decreases by 4w/
- when the field point is taken once around the current
' [ in the positive direction exactly as required by the
 field equations. The restriction to simply connected
- regions is identical with the restriction to one branch
~ of the complex logarithm of Z.

CONDUCTOR OF ARBITRARY
CROSS SECTION

- Let Sin Fig. 1 be a normal cross section of an infi-
~ nitely long straight uniform conductor. Let the current
~ density in S be o=0(x,y) abamp/cm?

 the region S of filament contributions like (4),

dW =20 (x,y) log(Z—2z)dxdy—-const,

* where small z=x41y is used to distinguish the source
~ point (filament position) from the capital Z=X+iV
: used for the field point.

Y

oZ

Fic. 1. Intersection of conductor of arbitrary cross section
with complex plane Z=X-+iV.

PR T S

TWO-DIMENSIONAL MAGNETIC ;FIELDS

The potential at a field point Z is the integral over

2569

Fi1c. 2. Cross section of polygonal conductor.

It is convenient to reverse the sign of Z—z [assim-
ilating log(—1) into the arbitrary constant] and use

r=2—72=@x—X)+i(y—Y),

as the variable of integration. Thus the potential of the
conductor may be written in the form

W=W ()= 2//a(x,y) logrdxdy—+const,  (5)
s

where Z is a fixed parameter during the integration.
For ¢=1/S=const, we can apply the general integral
transformation

opr
/ —dxdy= ]{ Pdy (6)
L dx c

with P=rlogr to the surface integral in (5) and ob-
tain (since #'dy=0) the line integral

W(Z)= Zafr logrdy—+const=—A4—i®, (7a)

taken in the positive sense around the boundary C of
the conductor cross section S in Fig. 1. The field and
gradient functions are obtained according to (3b) and
(3c) by differentiating under the integral with respect
to the parameter Z ; thus we derive the general formulas :

H(Z)=— ZUflogrdy= Hy-+iHx, (7b)

C(Z) =%y f dy/r,

for the magnetic field of a conductor of arbitrary cross
section.

and

(7c)

POLYGONAL CONDUCTOR

If the normal cross section of the conductor is a
polygon as shown in Fig. 2, explicit expressions for the
field quantities (7) can be given in terms of the coordi-
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Fic. 3. General position and orientation of rectangular conductor.

nates x, and y, of the NV vertices, 2,=%n+Yn, numbered
n=1, 2---N in the positive direction around the

polygon.
We introduce, as complex functions of r=2—2:

w(r) =%r* logr, (8a)
h(r)=r logr, (8b)
g(r)=logr. (8¢)

Then the expressions (7a,b,c) can be written in the
forms

W(Z)=20 f (dw/dr)dy-+const, (9a)
H(Z)=—20 @ (dh/dr)dy, (9b)
G(2)=20 P (dg/dr)dy, (99)

since #'dy=0 and
frdy=fzdy=5=const. (10)

On a straight path, like the polygon edge of length
a from 2,1 to 2z, in Fig. 2, dy is proportional to dz.
Also, since Z is a fixed parameter during the integra-
tion, dz=dr. Thus, for the edge from vertex n—1 to
vertex 7, we may set

dy=qaydr,
where a,, is the complex constant

Yn—Yn-1 @Sinfn
a"= =

Zn— %n—1

(11)

—=¢ """ sinf,
ae

which is seen to be independent of the length a of the
side. Thus we obtain from (9)

W(Z)=20¢ Y an(wa—wn_1)+const, (12a)

A T

A BEAH
H(Z)=—203 an(in—hn), (12b)
G(2)=20 Y an(gn—gn-), (12¢)

where each sum is taken over all vertices, n=1 to
N, ra=2,—Z, and w,=w(r,), etc., in (8). If we com-
bine the two terms arising from each vertex and define

Bn=anp1—an=e€"Cntrttn) sin (Ony1—02), (13)
we can write (12) in the form i
W (Z)=—20¢ X_ Bnwa+tconst, (142)
H(2)=20 T Buhn, (14b)
G(Z)=—20 T Bugn (140)

to describe the field of a conductor of polygonal cross
section.

EQUIANGULAR POLYGON

For a polygon in which all the angles (but not neces-
sarily the lengths of the sides) are the same, these &4
expressions may be further simplified. Let

fpp1—0n=A=2x/N,

be the constant exterior angle between successive sides 4
and let the side from zy to z; make the angle 61=60 ~
with the positive X axis. Then 6,=6+(n—1)A and -
we have for the coefficients in (14) 1

20Bn=Ko™,
where
K =2¢e i@ gsinA= 2001 (15a) ’
and A
§= 2= I, (15b)
Hence

W (Z)=—K 3 6" 'w,+const, (16a) *
H(Z)=K Y. " ha, (16b)
G(Z)=—K X " 'gn, (16c) -

describe the field of a conductor whose cross section -
is a constant angle polygon. 3

Fic. 4. Flat current ribbon.



RECTANGULAR CONDUCTOR

. Fora rectangular conductor with sides @ and & as

shown in Fig. 3, N=4,A=7/2,6=—1, and sinA=1. The
coefficients in (14) may be simplified as follows:

: 20B,= (_1)"_1K;

- where

’ K=—2¢ie"2=21/ (31— 2s) (3.—21) 17)

“since  (z1—3z0)=ae®, (z22—21)=be!®**) and I=cab

- =total current. Hence we have, for a rectangular

- conductor

. W(Z)=—K[wi—ws+ws—ws]+const, (18a)
' H(Z)=K[I—hat-he— ], (18b)
- G(2)=—K[g1—gatgs—g4]
: (82— 2) (2:—2)

=K log (18¢)

(21— 2) (25— Z)
CURRENT RIBBON

A current sheet composed of straight current filaments
- perpendicular to the X, ¥ plane will produce a complex
- potential

W(Z)=2 / A(s) logrds-const, (19)
c

- where the integration is carried along the curve C,
- in which the sheet intersects the X, ¥ plane, from one
edge of the sheet to the other and A(z) abamp/cm is
. the linear current density at the real distance s meas-
ured along C from the initial point.

- For a flat current ribbon of breadth & with uniform
~ current distribution, N=17/b=constant. The integra-
. tion is carried along the straight line from z; to 2, in
~ Fig. 4 so that

ds/dr=>5/(z2—z1)=e€"%.

Hence (19) can again be integrated explicitly to give

W (Z)=—k(hi— hs)+const, (20a)

H(Z)=k(g1—g2)=klog[ (21— 2)/ (22— 2)], (20Db)
y (Rl 1

g _k(Z_TZ)#[z?—z_zl—z} Sl
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where

k=2)\€_"0=21/(22—21) (21)

for the magnetic field due to a straight flat ribbon.

CONCLUSION

Any of the formulas that have been derived may be
separated into real and imaginary parts for numerical
computation of the components of potential, field, or
gradient according to Egs. (3). However, the formulas
in complex form as given are particularly suitable for
use with a computer that can calculate complex quanti-
ties directly.

The calculation of arrays of conductors amounts, by
superposition, to simple cumulative addition in the
computer. Arrays may include filaments or round wires,
polygonal and rectangular conductors, round or poly-
gonal holes in conductors (by subtraction), and flat
current ribbons. Each conductor is specified by a signed
current or current density and appropriate z values for
its position in the complex plane. The computer pro-
gram must take account of the fact that the computer
will evaluate only the principal value of each complex
logarithm, e.g., a nonnegative imaginary part from 0 to
2.

Field or gradient components can be computed
directly without prior evaluation of potentials.

The formulas for the vector potential of a rectangular
conductor centered at the origin as previously given by
Stevenson and Park? and by Strutt® correspond to the
real part of Eq. (18a) for the special case, §=0.

The complex formulation for two-dimensional fields
adopted in this paper is applicable to other problems.*
The potential function W (Z) corresponds to the
mapping function used in Schwarz-Christoffel methods.
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