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Challenges of modern accelerators (the LHC case)

LHC: 27 km, 7 TeV per beam

> The total energy stored in the magnets is HUGE: 10 GJ (2,400
kilograms of TNT)

» The total energy carried by the two beams reaches 700 MJ
(173 kilograms of TNT)

» Loss of only one ten-millionth part (10-7) of the beam is
sufficient to quench a superconducting magnet

* LHC vacuum chamber diameter : ~40 mm
= LHC average rms beam size (at 7 TeV): 0.14 mm

= LHC average rms beam angle spread: 2 prad
> Very large ratio of forward to transverse momentum

= LHC typical cycle duration: 10 hrs = 4x108 revolutions

= Kinetic energy of a typical semi truck at 60 mph: ~7 MJ
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What keeps particles stable in an accelerator?

= Particles are confined (focused) by
static magnetic fields in vacuum.

= An ideal focusing system in all modern

accelerators is nearly integrable
» There exist 3 conserved quantities (integrals of
motion); the integrals are "simple” - polynomial in
momentum.
» The particle motion is confined by these integrals.

» Nonlinear elements destroy the intregrability at large
amplitudes (hence particle losses)
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PHYSICAL REVIEW

The Strong-Focusing Synchroton—A New High Energy Accelerator®

Emnest D. Courant, M. Stawiey LivincsTod,f awp HarTranDp 5. SNYDER
Brooklaven National Laboratory, U pton, New YVerk
(Received August 21, 1952)

Strong focusing forces result from the alternation of large positive and negative s-values in successive
gectors of the magnetic guide field in a synchrotron. This sequence of alternately converging and diverging
magnetic lenses of equal strength is itself converging, and leads to significant reductions in cscillation ampli-
tude, both for radial and axial displacements. The mechanism of phase-stable synchronous acceleration still
applies, with a large reduction in the amplitude of the associated radial synchronous oscillations. To illus-
trate, a design is proposed for a 30-Bev proton accelerator with an orbit radius of 300 ft, and with a small
magnet having an aperture of 132 inches. Tolerances on nearly all desipn parameters are less critical than
for the equivalent uniform-s# machine. A peneralization of this focusing principle leads to small, efficient
focusing magnets for ion and electron beams, Relations for the focal length of a double-focusing magnet
are presented, from which the design parameters for such lincar systems can be determined,

BETATRON OSCILLATIONS

ESTORING forces due to radially-decreasing mag-
netic fields lead to stable “betatron™ and “syn-

* Work done under the auspices of the AEC,
t Massachusetts Institute of Technology, Cambridge, Massa-
chusetts.
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chrotron’ oscillations in synchrotrons. The amplitudes
of these oscillations are due to deviations from the equi-
librium orbit caused by angular and energy spread in
the injected beam, scattering by the residual gas, mag-
netic inhomogeneities, and frequency errors. The
strength of the restoring forces is limited by the
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The accelerator Hamiltonian

2
H =c| m*c’ +(p—EA)

1
2

C

= After some canonical transformations (see R. Ruth) and
in a small-angle approximation
2
H' = P, + py LK (X2 —yz)—x—5+...
2(1+ 5) 2p 2 o,

where ¢ 1s the relative momentum deviation. For ¢ << 1:

PR K ©X | KE)Y

2 2 2
For a pure quadrupole magnet: K,(s) = - K(s)
This Hamiltonian is separable!

H !
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Strong Focusing - our standard method since 1952

Christofilos (1949); Courant, Livingston and Snyder (1952)

v
\ Particle undergoes

betatron oscillations

X"+ K, (s)x=0
y'+K,(s)y=0 S

Ky, (8+C)=K, (S) - piecewise constant
| : | alternating-sign functions
Sis “time” | 0.5 (meter)

e e i B BT e e e e —— —— i — i i S B B B PR M s ——

—=Magnet lattice and focussing functions in the normal cells
of 2 particular guide fleld.
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Strong focusing

Specifics of accelerator focusing:

= Focusing fields must satisfy Maxwell equations in vacuum

Ap(X,y,2)=0

= For stationary fields: focusing in one plane while defocusing in another

> quadrupole: 2 2
Jracrp o(X, y) o X° =y

» However, alternating quadrupoles
results in effective focusing in both planes

Fis. 8, Ilustration of double-focusing in two magnetic lenses
with field gradients in epposite directions, showing the alternately
convergent and divergent forces and the net convergence of the
gystem.

Fie. 9. Cross section of a 4-pole magnet with hyperbolic pole
;acejdio produce uniform and equal field gradients dB,/dy and
B, /ds.
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Courant-Snyder invariant

"+K(s)z=0,
= X ory

1 (g 2\ Invariant (integral)
| = (zz +(’B( ) z—ﬂ(s)z’j j of motion,
2/5(s) 2 a conserved qty.

Equation of motion for

Z
betatron oscillations 7

1
3

where (\/E),’+K(s)\/ﬁ = G
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Action-angle variables

2 2
P K()?
2 2

Fl(Z,w)=—22—ﬂ[tam/f—%’}

R _ L [ (BO, a0y
|, = az//_Zﬁ(s)(z +[ 5 Z ﬁ(s)zj]

z=./21 pcos
See R. Ruth’s Z v

paper, ref. [2]  p=-y2I,/p (sin 4 —'%cos guj

oF |,

os  p(s)

= We can further remove the s-dependence by
another canonical transformation.

H,=H+
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Non-linear elements

2 p, 2K, (s)y’
Ho — px 4+ py 4+ Kx(S)X n y( )y
2 2 2 2

B”(S)
6B

H, ~ H, + 2 )
24Bp

H, ~H, + (-3y*x+x°) sextupole

(x4—6y2x2+y4) octupole

The addition of these nonlinear elements to accelerator
focusing (almost always) makes it non-integrable.
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Non-linear focusing elements

= It became obvious very early on (~1960), that the use of
nonlinear focusing elements in rings is necessary and
some honlinearities are unavoidable (maghet aberrations,
space-charge forces, beam-beam forces)
> Sexupoles appeared in 1960s for chromaticity corrections
» Octupoles were installed in CERN PS in 1959 but not used until
1968. For example, the LHC has ~350 octupoles for Landau
damping.
* Tt was also understood at the same time, that nonlinear
focusing elements have both beneficial and detrimental
effects, such as:

» They drive nonlinear resonances (resulting in particle losses) and
decrease the dynamic aperture (also particle losses).
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KAM theory NSRS §$

Developed by Kolmogorov, Arnold,
Moser (1954-63).

= Explains why we can operate |
accelerators away from resonances.|

The KAM theory states that if the

system is subjected to a weak nonlinear perturbation,
some of periodic orbits survive, while others are
destroyed. The ones that survive are those that have
“sufficiently irrational” frequencies (this is known as the
nhon-resonance condition).

= Does not explain how to get rid of resonances

» Obviously, for accelerators, making ALL nonlinearities to be
ZERO would reduce (or eliminate) resonances

> However'i honlinearities are hecessary and unavoidable.
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Nonlinear Integrable Systems

= What we are looking for is a non-linear equivalent of
Courant-Snyder invariants, for example something like

that,

1 1 a
H = (P} + P+ (¢ +y")+ (X' +y')
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Specifics of accelerator focusing

= The transverse focusing system is 2.5D (i.e. time-
dependent)

» In a linear system (strong focusing), the time dependence can be
transformed away by introducing a new "time" variable (the
betatron phase advance). Thus, we have the Courant-Snyder
Invariant.

= The focusing elements we use in accelerator must
satisfy:
> The Laplace equation (for static fields in vacuum)

» The Poisson equation (for devices based on charge distributions,
such as electron lenses or beam-beam effects)
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First example

See: Phys. Rev. ST Accel. Beams 13, 084002

Start with a round axially-symmetric LINEAR
focusing lattice (FOFO)

Add a special potential V(x,y,s)such that it satisfies either
the Laplace or the Poisson equation

Sun Apr2520:48:31 2010 OptiM - MAIN: - C:\Documents and Settings\nsergei\My Documents\Papers\invariants\Round

| Bx = fy -_
. V(x,y,s) V(x,y,s) V(x,y,s) V(x,y,s) Vix,y, S%;)
o S o
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Special time-dependent potential

Let's consider a Hamiltonian of this FOFO system:

2 2 2 2
H=Pe, Py +K(s)(x2 LY j+V(x,y,s)

2 2 2
where V(x,y, s)satisfies the Laplace or the Poisson
equations in 2d: AL T
JB(s)

Tn normalized variables we will have:

Py = p\/,B(S - ,8'(3)2

2JB(s)

Hy =2 P BV v x, \/ﬂ(w),yN\/ﬂ(W),S(W))

Where new “time” variable is =15 ( 3
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Axially-symmetric focusing lens:

= Could be a solenoid (at low energies), or...

= Could be an optics insert that has a transfer matrix
of a thin axially-symmetric focusing lens:

110. Pl BLQCK V‘]

‘E 0.1 P S (1 0 0 0 -1 0 0 O
: |k 1 0 0 k -1 0 0
] 0010 0o 0 -1 0
o 0 0 —k 1 0 0 k -1

40. 1

30. -

20. -

10. 4

0.0 - ‘ - , ‘ . ‘ . .

0.0 5.6 11.2 16.8 224 28.0
s(m)

# Fermilab S. Nagaitsev, Jan 18, 2017




Fake thin lens inserts

Tue Feb 22 14:40:15 2011 OptiM - MAIN: - C:\Users\nsergei\Documents\Papers\nvariants\Round lens\quad linel.opt

200

[m]

B ETA_X& Y]

-1 0 0 0 (-1 0 0 o0 —1000 10188 i
k -1 0 0 k -1 0 0 k -1 0 0 V(X.V.S
00 -10 V(Xy,S) V(xy,s) 0 0 1 0 (y) 00 -10 |
0 0 k -1 0 0 k -1 OOk_]_ 0 0 k -1

O
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Main Ideas

1. Start with a time-dependent Hamiltonian:
_ pr + pfo X,i + yﬁ.

Hy = =2 I B o VB@), Y1 VB 50)

v 1S a "time" variable

2. Chose the potential to be time-independent in new
variables 2 2 2 2

Hy = il —; il + a _'Z_yN +U (Xy, Yy )

3. Find potentials U(x, y)with the second integral of

motion and such that AU(x, y)= 0 (for example)
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Example 1: quadrupoles

2 2
pr + pyN
= +

2 2
WP AY

H, = >

2

= This can be made with

10-20 thin quads

powered independently

,each

V(X,Y,s)=

+ BV () VBW), Yo B 50))

4 (y2_ 2
ﬂ(S)Z( 2

U(xN,yN)zq(x,f, _yil)

=
—~
~

| I
—~
w
~

05

0

+q(x3 -y2)

2 2 2 2
_ Pav ¥ Pyn  X§ + Yy

H, 5 + 5
quadrupale Integrable but still linear...
15 GmPIi'I'ude New A Vf _ V02 (1+ 2q)
) ! L vy =v(1-20)
B(s)
0 02 04 06 08 I
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Example 2: Octupoles
Hy =2 TP XN YN a0, (% VB@). Vi VBW), @)

2 2
= 18 Octupoles
5 N oy 5[ Y
i A PR
2 ‘|| || U:K[XE+Y§_3Y§X§1J
DllIII Illll 4 4 2

Otpll\l

H :%(pf + p§)+%(x2 + y2)+§(x4 +y* —6x2y2)
This Hamiltonian is NOT integrable,
Henon-Heiles - like system

= We will try to mlake m‘regmble (on Thursday)
Like that: H=Z(p{+p))+> S (7 y?)+ & (x +y*)

21

# Fermllab S. Nagaitsev, Jan 18, 2017



Example 2: continued

b)

1.2

.........................

0
Xy /\/c_z a

= Contour plot of the octupole potential and the
betatron tunes
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Example 3: polar coordinates

Hy =22 20 BT 5 (B, Y B, 50)

Obviously, iIf V ~

— , the time () dependence would vanish

X +Yy

= Turns out such a potential exists and the system is
separable in polar coordinates
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Variables separation in polar coordinates

In polar coordinates the variables separation is possible for the
potentials in the form:

U(r,0) =1(r)+ @

Harmonic potentials

m BlInr — straight wire carrying a constant current

m Asin(20 + ¢)/r’> — point-like magnetic quadrupole

a b. Levels of
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Example 3 continued

1 pg e A sin(260 + )

H[pra .-Dfp'«_ r, H: iLH] — E (,DE _|_ ,"_2) + ? —l— rz

-

with two invariants of motion:

H energy

:p§+r2+ W

E
2 r2

m effective angular momentum

D2
W = ?‘9 + Asin(260 + )
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Radial motion

W<
reff _ .
LrE Pr k\lﬁ“_—:————_ﬁ_
0 17:;:‘ E i 0 j/J JJD ry f__) r
f——
é//
W=0
ustt \ AR
E - Zd
T SV
0 s rn =4rl+ EEEEE r
1 E—\2W OH
J,,(E):Ef{prdr: > : wr:aJ:2

# Fermilab S. Nagaitsev, Jan 18, 2017 6



Angular motion

Falling to the
center:

W=-A »
-A<W<l

Libration:
0<W<A

Separatrix:

Rotation around
singularity:

W= A
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Classification of trajectories

Figure: Particle trajectory in the normalized coordinates for
(a.) falling to the center (—A < W < 0) (b.) libration (0 < W < A)
(c.) rotation around the origin (W > A).
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Summary

= We discussed how to transform the time variable
to make the FOFO system "time independent”

= We then discussed several examples of how to
exploit this tfime-independence to make the
focusing system nonlinear, yet integrable.
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