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1. McMillan map overview

2. Dynamics of McMillan map
3. Canonical McMillan map
Action-angle coordinates

Summary

This presentation is dedicated to Dr. “Slava” Danilov
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1. McMillan map overview

ap as discrete Hamiltonian structure

1. McMillan map overview

McMillan map is the planar integrable system with discrete time;
it is measure preserving and leaves invariant biquadratic foliation

T

q° A B T [p?
B(g,p)=Q-(MP)= | q A E =Z||p|=0
1 K A K| |1
where the eight coefficients A, B, ..., A are parameters of the map,

and, K is an integral for the map which parametrizes a family of
non-intersecting curves in the (g, p)-plane

~K=A¢’p> +B¢*p+Aqp*+T > +Eqp+Kp®> +=qg+Ap|.
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Involutory automorphisms Gi, = G;, : R? — R?

B(q,p) = B(d', p)

Gy : g = gq
, _ __ Bg*+Eq+A
- 7 A2+ Aq+K

Ap>+Ep+=

Gy : T = ==
2 Y Y Ap2+Bp+T

pPF= »p
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Asymmetric McMillan map M,

M,C;l:GQOG]_
Ap>?+Ep+=
GioGy: e e —
1952 g T AP iBp+T
;o Bq’2+Eq'+/\
po=-r Ag?+Aq +K
Ap?+Ep +=
Gy o Gy : ' = —gq-—
e q q Ap?2+Bp +T
Sy = Bg?+Eq+A

_p_Aq2—|—Aq+K
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1. McMillan map overview

as discrete Hamiltonian structure

Numerical example of Gy, M,
A=1B=2T=3 A=4E=5==6K

‘_ 1

Figure: Picture of a cat (gray) and its image under the application of G >
and M, (black). Curves in color show levels of corresponding biquadratic.

0 2 4 -4 -2 0 2 4

-4

Tim Zolkin, Sergei Nagaitsev Lecture 3 — 4



1. McMillan map overview

Special cases
cMillan map as discrete Hamiltonian structure

Linear transformations preserving biquadratic B(q, p)

q mi1 mMp2| |q ’o
= i ' : B(gq,p,K)—B(q,p',K)=0
5 ma1 mosl |p (9.p,K) — B(q', p',K)

¢ (miamag)?A=0,
Pt (migmap) A =0,
@’p : 2miama (myimaa +miamy i) A =0, (Ala)
qp® : 2migmas (miimas +miama) A =0,
2 [(nn_]mQ 2)% + dmy 1y gm 1mag + (m1gma)® — 1} A=0,
¢ ¢ mygmaq (mygB+mA) =0,
ni m1amy s (m12B +mopl) =0, (Alb)
qu © 2myma (my 2B+ mopA) + mf 1mg 2B +my ymgle =B, -
qu © 2myama g (m11B +mg1A) +my 1’”%‘2A + nz%_znt =A,
@ (mi;—1)T+m} K+myimgsE=0,
P miol + (mdy — 1)K+ mygmesE =0, (Alc)
qp : 2(myimyol 4+ my1mg oK) = (1 —my 1ma2 — myama 1) E,
¢ ¢ (mi-1)E+maiA=0,
{ P musE+ (mas—-DA=0. (A1d)
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1. McMillan map overview

pecial cases
McMillan map as discrete Hamiltonian structure

Rot, Ref and Sq

sin 20— cos 26

Rot - C?Se —sin 6 Ref - cos 20 sin 20 Sq: x O
sin@ cos f

0 1/x
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Symmetric McMillan map M

M = Gy o Ref (7/4) = Ref (1/4) 0 G2

qg = P
, _ _ BpPP+Ep+=
2 Ap2+Bp+T
q° "TA B T p°
Bs(q,p) = | q B E =Z||p|=0
1 r = K 1
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Squeezed McMillan map My

Msq = Gy 0 Sq(x) o Ref (7/4) = Ref (7/4) 0 Sq <1> G

/
/

q = Xp;
, 1(_ ﬁBp2+Ep+E/\/>z>

X\ T A B/ et T/x

T

q° A B/yx T/x][r
Bs(q,p) = | q vxB E  Z/x||p|=0
1 xI W= K 1
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

1.2 McMillan map as discrete Hamiltonian structure

For planar systems the area preservation implies the symplectic
structure, and thus we can consider the McMillan map as a
discrete analog, alternatively a Poincaré map, of integrable
Hamiltonian system with one degree of freedom.

24'(q,p) 94 (q.p)

dq ap
det J, s s = det =1
> op'(q,p) 0p'(q,p)
dq ap
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

)

: : : 1,2
Thin nonlinear McMillan lenses Fl(

F) = GoRef (0)  F® = Ref (/4) o G, o Ref (/4) o Ref (0)

B HgR
Ag2+Ag+K
2
Fl(): g =g
5 - Ag?+Eq+=

=P A@TBgtr
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

One-lens cell

B/vx)a* +Eq+ /x=
Ag?+ /xBqg—+xT

Sq (x) o Rot (—m/2) = antidiag{x, —1/x}

_ | V/B2/Brcos(m/2)  \/P1B2sin(7/2)
—sin (71’/2)/\/51,82 \/,81/52 COS (7‘('/2)

where x = /152
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Normalized coordinates

Q—qg=+/xQ and P—p=P/x

Q%" A
Bsq(Q7 P) = Q B
1 I

I = w
b Ll e
—_
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Two-lens cell

M, = ,:-1(1) 0Sq(x) o Rot (—m/2) o 131(2) 0Sq(x) o Rot (—7/2)

Y. @ =0
_ p_ B/ V/X)I+Ea+ yxA
Ag?+ /xAqg+xK

A2 @ =@
(A/vX)g* +Eq+X=

P =P
Ag>+ /xBg+xT
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1. McMillan map overview

1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

o) | [
[b.1]x=B [b2] x=p,p,

B B p
Bi

0 X 0 X [ 0 X} [ 0 X}
—1/X 0 —1/X 0 ~1/X 0 ~1/X0

T Ap = BAKIG+Eq+ XA T Ap = (ANE)P+Eq+ L 'E
p=— p= >
Aq2+XAq+XK Aq2+/XBq+XT
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points of My
oints and 2-cycles of Mg
of fixed points

2. Dynamics of McMillan map

2.1 Fixed points of M,

All fixed points of M, are critical points of the (g, p)

dK(q,p)
dq

_ 9K(q,p) _0

ap (g¢,p¢)

(g¢,pt)
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2. Dynamics of McMillan map

y of fixed points
2.4 Normal forms

2 oints and 2 cycles of Mg

2.2 Fixed points and 2-cycles of M,

(gt, gt) = Ms(aqr, gr)
—q@-c)) = Ms o Ms(q2—c), —9(2—c))
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2. Dynamics of McMillan map > oints and 2-cycles of Mg
2.3 Stability of fixed points
2.4 Normal forms

2.3 Stability of fixed points

Fixed point (n-cycle) is stable if |Tr J(M)| < 2

Asymmetric McMillan map, M,:

4(Agf+Aqr+K) (Apf+Bp+T) —
—[4Aqpe+2(Bge +Aps) +EP >0

Symmetric McMillan map, M;:

m 2(Agf +Bgr+T)| — [4g: (Agr + B) +E|[ >0
[ ] 4[(A q(22_c) = r)2 - B2 q(22—c)] - (E —4A q(22—c))2 >0
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2. Dynamics of McMillan map

bility of fixed
ormal forms

2.4 Normal forms

A. latrou and J. Roberts Integrable mappings of the plane
preserving biquadratic invariant curves I/

Using an appropriate homographic (modular) transformation

ax—+b

S g

ca,b,c,deR ad—bc#0

any particular asymmetric or symmetric biquadratic can be reduced
to normal form.
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3.1 Bifurcation diagram for canonical McMillan map

3. Canonical McMillan ma ; S
P 3.2 Parametrization of individual curves

3. Canonical McMillan map M,

Canonical biquadratic

Be(q,p.K) = ¢°p* +T (¢° + p°) +2eqp+ K
g1 1 o T [p?
=|qg| |0 2¢ O p|l =0
1lr o k|1
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3.1 Bifurcation diagram for canonical McMillan map
3.2 Parametrization of individual curves

3. Canonical McMillan map

3.1 Bifurcation diagram for canonical McMillan map

d1t€ €e=I" | Fixed points
a3 and 2—cycles

b 3 -
b2 NZ. a2 fi =0
. i . f2’3= i-\l—e—l"
+

Stability
c0 y c.l
7

® ® ®]center
® ® ®|saddle
O O Olneutral

r
Critical points g o
, of K(q.p) £z
N a’.l 5 2
b.2 < 2 R0 o
N 2. K =(e+T)? .+
b.3 AW/ g% a3 K =(-1)? + +
d.1 &E=— F K=r1? $
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1 Bifurcation diagram for canonical ELNNET]
2 Parametrization of individual curves

3. Canonical McMillan map :,:

3.2 Parametrization of individual curves

a,p— q,p/+/|K]| e, — ¢ /\/I|K|

G?p? + (g% +p?)+2eGp+£1=0, for K=0

al,a'l a3, a3 a3, a3 b.1, b1
Ke (—oc;0] <0 (—oe;0] <0 [0:(le] —T)%] =0 [0: (el +T)°] =0
kK 1 ' 1
LA Y iy Stk
B ¥ }E[F’ 7 k=2 ﬁ+A_2
f B VBB - VBT 1 B-vF 1
/1
M A\ Vs 2
n arcds [Ri'T aren: "I‘—i}'
areds | [ arcns | |
V Vi Ve
g arcen 90 Vﬂ arcsn u‘j
R VEVE
o/ VTR V‘"%CH [uo — nyn] V% dn [up — ny] VEsn [ug — )
w / T
p/ VK] \“ w e [ug — (n 4 1)m] \‘ o [ug — (n+ 1)) V ¥ dn [ug — (n+ 1)n] Vksn [ug — (n+ 1)n)
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1 Bifurcation diagram for canonical ELNNET]
2 Parametrization of individual curves

3. Canonical McMillan map é

Plot of Jacobi elliptic functions

k=0 k=0.5 k=0.95 k=1
sn(t,k) B
cn(t,k) B
dn(t,k) |

-1 -1 -1 -1
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3.1 Bifurcation diagram for canonical McMillan map

3. Canonical McMillan map 3.2 Parametrization of individual curves

Hamiltonian for individual curve

_ snxcnydny =+ sny cnx dnx d _ q
sn(x ty) = I K2snixsn?y g,z =cnzdnz
_ cnxceny Fsnxsny dnx dny B
en(xty) = 1~ K snZxsnly P —snzdnz
dnxd k2 d
dn(x ty) = DXy F KSXSIY CIXCNY - @z = —k%snzenz

1 — k?sn2xsn?y dz

2 2
1
H=nVITT |5 +cap+ T+ 20| x$ VAW
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Action

Action-angle coordinates

4. Action-angle coordinates

latrou and Roberts suggest to use u and k as action-angle
coordinates on each canonical symmetric biquadratic curve

kn+1:kn _) kn:k
Upt1 = U+ Up=Up+mnn

We will look for mechanical analogies of action and angle

H1 H2 3. 4.
P P
q q q q
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Action

Action-angle coordinates

4.1 Action
k Ssn
1 VIK VIK
J:fpdq:“}{ﬁda:”x %Scn
27 27 27
LS,
Kk’ <dn

where Sqn, Scn, Sdn are areas of elliptic Lissajous curves with com-
mensurate frequencies m/n =1

sn(mt) en(mt) dn(mt)
sn(nt+n) cn(nt+n) dn(nt+mn)

Sef = %ef(t +n; k) def(t; k)

Tim Zolkin, Sergei Nagaitsev Lecture 3 — 4



Action
Action-angle coordinates

Elliptic Lissajous curves for SN and CN

n=K/2

n=K

“0OP P ++
OO <+
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Action-angle coordinates

Action

Elliptic Lissajous curves for DN

DN k=0 k=0.6/ k=0.9 k=0.1-10"2k=1-10"* k=1-10-°
n=0 d /
n=K/4 ’ o p 72 4P
BN O #; 4&
n=3K/4 ) S h % %
ol S e il i
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Action
Action-angle coordinates

5s,n,a Scm 5dn

4 1 7
Ssn - EE | - dnzyK + snzyE + any dnzy H(kzsn2y7 k)}
4 dny
Sen = pE_K—snzyE—cnzy N(k%sn2y, k)
s 2 XY T(6n2y + dn?y)K — sn?y E — dn2y N(k2sn2y, k
dn Sn3y_(sny—k ny) sn”y n°y N(k“sn’y, k)
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Action
Action-angle coordinates

5sn; Scm Sdn
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Action
Action-angle coordinates

5.2 Angle variable

Brutal force — Fourier series

t) = v/|K|f(k,K)ef (uo+nt k) g, =q(n)

/

i K
snn = kZ{;)CSCh [(2n+1)7;K] sin [277(2n—|—1) " ]

cnn = %Zsech [(2n—|—1)7;

dnn = 2K KZsech [

I;] cos [27r(2n—|—1) 4 }

Ui
2 4
]cos[wn K }
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Action
Action-angle coordinates

Theorem (Danilov). Let D : R?2 — R? be the area-preserving
integrable map which has an invariant of motion K(q, p) = K(q’, p)

where (q’, p') is an image of (g, p), i.e. D maps (q,p) — (d',p).
Then a frequency for every trajectory can be calcculated as:

Proof: O
Consider assosiated continuous system with Hamiltonian H[q, p; t]

2 71 / 71
g’ d 9 (oH K (9K
Jo 4549 _Jg <0P> da _Jg %R(‘@P) dg

1
RO ION
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Action

Action-angle coordinates

0.25 0.3

-0.25
-0.5.

-0.75

0.2

0.1
075 0.5 0.25 2/n

0 0.10.20.3040.50.6
P

J
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Summary

5.1 Summary

e Application of most general 1D asymmetric McMillan map for
accelerator physics

e Solutions for all finite trajectories of canonical McMillan map via Jacobi
elliptic functions

e Normal forms of canonical McMillan map including analytical
expressions for mechanical analogies of action-angle variables

e Description of horizontal and vertical planes of 2D magnetostatic
McMillan lens and any plane with zero total angular momentum for
axially symmetric electron McMillan lens

e Proof and check of Danilov Theorem
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LAST SLIDE

Thank you for your
attention!

Questions?
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