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This presentation is dedicated to Dr. “Slava” Danilov
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Henon map:

[
q
p

]
→
[
q′

p′

]
=

[
cosω sinω
− sinω cosω

] [
q

p − λ q2

]
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1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

1. McMillan map overview

McMillan map is the planar integrable system with discrete time;
it is measure preserving and leaves invariant biquadratic foliation

B(q, p) ≡ Q · (MP) =

q2

q
1

T A B Γ
∆ E Ξ
K Λ K

p2

p
1

 = 0

where the eight coefficients A,B, . . . ,Λ are parameters of the map,
and, K is an integral for the map which parametrizes a family of
non-intersecting curves in the (q, p)-plane

−K = A q2p2 + B q2p + ∆ q p2 + Γ q2 + E q p + K p2 + Ξ q + Λ p .
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1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Involutory automorphisms G1,2 = G−1
1,2 : R2 → R2

G1,2 : (q, p) 7→ (q′, p′) → B(q, p) = B(q′, p′)

G1 : q′ = q

p′ = −p − B q2 + E q + Λ

A q2 + ∆ q + K

G2 : q′ = −q − ∆ p2 + E p + Ξ

A p2 + B p + Γ

p′ = p
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Asymmetric McMillan map Ma

Ma = G1 ◦ G2 M−1
a = G2 ◦ G1

G1 ◦ G2 : q′ = −q − ∆ p2 + E p + Ξ

A p2 + B p + Γ

p′ = −p − B q′2 + E q′ + Λ

A q′2 + ∆ q′ + K

G2 ◦ G1 : q′ = −q − ∆ p′2 + E p′ + Ξ

A p′2 + B p′ + Γ

p′ = −p − B q2 + E q + Λ

A q2 + ∆ q + K
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1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Numerical example of G1,2, Ma

A = 1, B = 2, Γ = 3, ∆ = 4, E = 5, Ξ = 6, K = 7, Λ = 8

Figure: Picture of a cat (gray) and its image under the application of G1,2

and Ma (black). Curves in color show levels of corresponding biquadratic.
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Linear transformations preserving biquadratic B(q, p)

[
q′

p′

]
=

[
m1,1 m1,2

m2,1 m2,2

] [
q
p

]
: B(q, p,K)− B(q′, p′,K) = 0
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Rot, Ref and Sq

Rot :

[
cos θ − sin θ
sin θ cos θ

]
, Ref :

[
cos 2θ sin 2θ
sin 2θ − cos 2θ

]
, Sq :

[
χ 0
0 1/χ

]
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Symmetric McMillan map Ms

Ms = G1 ◦ Ref (π/4) = Ref (π/4) ◦ G2

q′ = p

p′ = −q − B p2 + E p + Ξ

A p2 + B p + Γ

Bs(q, p) =

q2

q
1

T A B Γ
B E Ξ
Γ Ξ K

p2

p
1

 = 0
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Squeezed McMillan map Msq

Msq = G1 ◦ Sq (χ) ◦ Ref (π/4) = Ref (π/4) ◦ Sq
(

1

χ

)
◦ G2

q′ = χ p,

p′ =
1

χ

(
−q −

√
χB p2 + E p + Ξ/

√
χ

A p2 + (B/
√
χ) p + Γ/χ

)

Bsq(q, p) =

q2

q
1

T  A B/
√
χ Γ/χ√

χB E Ξ/
√
χ

χ Γ
√
χΞ K

p2

p
1

 = 0
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1.2 McMillan map as discrete Hamiltonian structure

For planar systems the area preservation implies the symplectic
structure, and thus we can consider the McMillan map as a
discrete analog, alternatively a Poincaré map, of integrable
Hamiltonian system with one degree of freedom.

det Ja,s,sq = det


∂ q′(q, p)

∂ q

∂ q′(q, p)

∂ p
∂ p′(q, p)

∂ q

∂ p′(q, p)

∂ p

 = 1
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Thin nonlinear McMillan lenses F
(1,2)
1

F
(1)
1 = G1 ◦Ref (0) F

(2)
1 = Ref (π/4) ◦G2 ◦Ref (π/4) ◦Ref (0)

F
(1)
1 : q′ = q

p′ = p − B q2 + E q + Λ

A q2 + ∆ q + K

F
(2)
1 : q′ = q

p′ = p − ∆ q2 + E q + Ξ

A q2 + B q + Γ
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One-lens cell

Msq = F̃
(1)
1 ◦ Sq (χ) ◦ Rot (−π/2)

F̃
(1)
1 : Q ′ = Q

P ′ = P −
(B/
√
χ)q2 + E q +

√
χΞ

A q2 +
√
χB q + χ Γ

Sq (χ) ◦ Rot (−π/2) = antidiag{χ,−1/χ}

=

[ √
β2/β1 cos (π/2)

√
β1β2 sin (π/2)

− sin (π/2)/
√
β1β2

√
β1/β2 cos (π/2)

]
where χ =

√
β1β2
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1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Normalized coordinates

Q → q =
√
χQ and P → p = P/

√
χ

Bsq(Q,P) =

Q2

Q
1

T A B Γ
B E Ξ
Γ Ξ K

P2

P
1

 .
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1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

Two-lens cell

Ma = F̃
(1)
1 ◦ Sq (χ) ◦ Rot (−π/2) ◦ F̃ (2)

1 ◦ Sq (χ) ◦ Rot (−π/2)

F̃
(1)
1 : Q ′ = Q

P ′ = P −
(B/
√
χ)q2 + E q +

√
χΛ

A q2 +
√
χ∆ q + χK

F̃
(2)
1 : Q ′ = Q

P ′ = P −
(∆/
√
χ)q2 + E q +

√
χΞ

A q2 +
√
χB q + χ Γ
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1.1 Special cases
1.2 McMillan map as discrete Hamiltonian structure

a.1 χ = β a.2

b.1 χ = β b.2

∆p =

β β21

β β21

Α 2 + ∆ q + χ Κχq

1/ χ
0

0

χ

1/ χ
0

0

χ

1/ χ
0

0

χ

1/ χ
0

0

χ

1/ χ
0

0

χ

1/ χ
0

0

χ

1/ χ
0

0

χ

β1

β2

β1

β β β

β β

β1

β2

β1

χ =

χ =

( / χ +2q) +Ε q∆ χ Ξ

Α 2 + χ Βq q + χ Γ

(Β/ +2q) +Ε qχ χ Λ∆p =
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2.1 Fixed points of Ma
2.2 Fixed points and 2-cycles of Ms
2.3 Stability of fixed points
2.4 Normal forms

2.1 Fixed points of Ma

(qf , pf) = Ma(qf , pf)2 qf
1
0

T

M

p2
f

pf
1

 = 0 and

q2
f

qf
1

T

M

2 pf
1
0

 = 0

All fixed points of Ma are critical points of the K(q, p)

∂K(q, p)

∂ q

∣∣∣∣
(qf ,pf)

=
∂K(q, p)

∂ p

∣∣∣∣
(qf ,pf)

= 0
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2.2 Fixed points and 2-cycles of Ms

(qf , qf) = Ms(qf , qf)
(q(2−c),−q(2−c)) = Ms ◦Ms(q(2−c),−q(2−c))2 qf

1
0

T

M

q2
f

qf
1

 = 0 and

q2
(2−c)

q(2−c)

1

T

M

−2 q(2−c)

1
0

 = 0

All fixed points and 2-cycles of Ms are critical points of the K(q, p)

∂K(q, p)

∂ q

∣∣∣∣
(qf ,qf)

=
∂K(q, p)

∂ p

∣∣∣∣
(q(2−c),−q(2−c))

= 0
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2.3 Stability of fixed points

Fixed point (n-cycle) is stable if |Tr J(M)| < 2

Asymmetric McMillan map, Ma:

4
(
A q2

f + ∆ qf + K
) (

A p2
f + B pf + Γ

)
−

− [4A qfpf + 2 (B qf + ∆ pf) + E]2 > 0

Symmetric McMillan map, Ms:

|2(A q2
f + B qf + Γ)| − |4qf (A qf + B) + E| > 0

4[(A q2
(2−c) + Γ)2 − B2 q2

(2−c)]− (E− 4A q2
(2−c))2 > 0
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2.1 Fixed points of Ma
2.2 Fixed points and 2-cycles of Ms
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2.4 Normal forms

A. Iatrou and J. Roberts Integrable mappings of the plane
preserving biquadratic invariant curves II

Using an appropriate homographic (modular) transformation

x̄ = f (x) =
a x + b

c x + d
: a, b, c , d ∈ R, a d − b c 6= 0

any particular asymmetric or symmetric biquadratic can be reduced
to normal form.
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3.1 Bifurcation diagram for canonical McMillan map
3.2 Parametrization of individual curves

3. Canonical McMillan map Mc

A = 1, B = Ξ = 0, E = 2 ε

Mc : q′ = p

p′ = −q − 2 ε p

p2 + Γ

Canonical biquadratic

Bc(q, p,K) ≡ q2p2 + Γ
(
q2 + p2

)
+ 2 ε q p +K

=

q2

q
1

1 0 Γ
0 2 ε 0
Γ 0 K

p2

p
1

 = 0
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3.1 Bifurcation diagram for canonical McMillan map
3.2 Parametrization of individual curves

3.1 Bifurcation diagram for canonical McMillan map

f 2,3 =

c1,2 =

− ε − Γ

ε − Γ

= 0f 1

ce
n

te
r

sa
d
d

le

n
eu

tr
alFixed points

and 2−cycles

K

K

K

=

=

=

0

(ε + Γ)2

ex
tr

em
a

sa
d
d

le

Critical points
of K(q,p)

K = Γ 2

(ε − Γ)
2

c.1

c’.1

d’.1

d.1

a.1

a’.1

a’.2

a.2

a.3

a’.3

b’.2

b’.1

b.1

b.2

b.3

b’.3

c.0

ε

Γ

ε = Γ

ε = − Γ

Stability
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3.1 Bifurcation diagram for canonical McMillan map
3.2 Parametrization of individual curves

3.2 Parametrization of individual curves

q, p → q, p/ 4
√
|K| ε, Γ→ ε, Γ/

√
|K|

q̄2p̄2 + Γ̄(q̄2 + p̄2) + 2ε̄ q̄ p̄ ± 1 = 0, for K ≷ 0
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3.1 Bifurcation diagram for canonical McMillan map
3.2 Parametrization of individual curves

Plot of Jacobi elliptic functions

k=0 k=0.5 k=0.95 k=1

sn(t,k)
-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

cn(t,k)
-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

dn(t,k)
-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1

-4π -2π 2π t

-1

-0.5

0.5

1
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3.1 Bifurcation diagram for canonical McMillan map
3.2 Parametrization of individual curves

Hamiltonian for individual curve

sn(x ± y) =
snx cny dny ± sny cnx dnx

1− k2 sn2x sn2y

d

d z
sn z = cn z dn z

cn(x ± y) =
cnx cny ∓ snx sny dnx dny

1− k2 sn2x sn2y

d

d z
cn z = −sn z dn z

dn(x ± y) =
dnx dny ∓ k2snx sny cnx cny

1− k2 sn2x sn2y

d

d z
dn z = −k2sn z cn z

H = η
√
|Γ|
[
p2

2
+
ε

Γ
q p +

q2

2
+

1

Γ

q2p2

2

]
×


√
k√
k k ′√
k ′
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Action

4. Action-angle coordinates

Iatrou and Roberts suggest to use u and k as action-angle
coordinates on each canonical symmetric biquadratic curve

kn+1 = kn
un+1 = un + η

→ kn = k
un = u0 + η n

We will look for mechanical analogies of action and angle

q

p
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Action

4.1 Action

J =
1

2π

∮
p dq =

√
|K|

2π

∮
p̃ dq̃ =

√
|K|

2π
×


k Ssn

k
k ′ Scn

1
k ′ Sdn

where Ssn, Scn, Sdn are areas of elliptic Lissajous curves with com-
mensurate frequencies m/n = 1

sn(m t) cn(m t) dn(m t)
sn(n t + η) cn(n t + η) dn(n t + η)

Sef =

∮
ef(t + η; k) d ef(t; k)
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Action

Elliptic Lissajous curves for SN and CN
SN k=0 k=0.6 k=0.9 k=0.1-10-2

k=1-10-4
k=1-10-6

η=0

η=K/2

η=K

CN k=0 k=0.6 k=0.9 k=0.1-10-2
k=1-10-4

k=1-10-6

η=0

η=K/2

η=K
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Action

Elliptic Lissajous curves for DN

DN k=0 k=0.6 k=0.9 k=0.1-10-2
k=1-10-4

k=1-10-6

η=0

η=K/4

η=K/2

η=3K/4

η=K
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Action

Ssn, Scn, Sdn

Ssn =
4

k2

1

sn3y

[
− dn2y K + sn2y E + cn2y dn2y Π(k2sn2y , k)

]
Scn =

4

k2

dny

sn3y

[
K− sn2y E− cn2y Π(k2sn2y , k)

]
Sdn = 2

cny

sn3y

[
(sn2y + dn2y)K− sn2y E− dn2y Π(k2sn2y , k)

]
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Action

Ssn, Scn, Sdn
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5.2 Angle variable

Brutal force — Fourier series

q(t) = 4
√
|K| f (k , k ′) ef (u0 + η t, k) qn = q(n)

sn η =
π

k K

∞∑
n=0

csch

[
(2n + 1)

πK′

2K

]
sin

[
2π(2n + 1)

η

4K

]

cn η =
π

k K

∞∑
n=0

sech

[
(2n + 1)

πK′

2K

]
cos

[
2π(2n + 1)

η

4K

]

dn η =
π

2K
+
π

K

∞∑
n=1

sech

[
n πK′

K

]
cos

[
2π n

η

2K

]
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Theorem (Danilov). Let D : R2 → R2 be the area-preserving
integrable map which has an invariant of motion K(q, p) = K(q′, p′)
where (q′, p′) is an image of (q, p), i.e. D maps (q, p) 7→ (q′, p′).
Then a frequency for every trajectory can be calcculated as:

ν =

∫ q′

q

(
∂K
∂p

)−1
d q∮ (

∂K
∂p

)−1
d q

.

Proof: 2
Consider assosiated continuous system with Hamiltonian H[q, p; t]

ν =
1

T
=

∫ q′

q
dt
dq dq∮
dt
dq dq

=

∫ q′

q

(
∂H
∂p

)−1
dq∮ (

∂H
∂p

)−1
dq

=

∫ q′

q
@
@
dK
dH

(
∂K
∂p

)−1
dq∮

@
@
dK
dH

(
∂K
∂p

)−1
dq

Q.E.D. �
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5.1 Summary

• Application of most general 1D asymmetric McMillan map for
accelerator physics
• Solutions for all finite trajectories of canonical McMillan map via Jacobi
elliptic functions
• Normal forms of canonical McMillan map including analytical
expressions for mechanical analogies of action-angle variables
• Description of horizontal and vertical planes of 2D magnetostatic
McMillan lens and any plane with zero total angular momentum for
axially symmetric electron McMillan lens
• Proof and check of Danilov Theorem
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LAST SLIDE

Thank you for your
attention!

Questions?
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